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A B S T R A C T
In  th i s  t h e s i s 9 an in v e s t ig a t io n  has been made in to  
th e  p ro p ag a tio n  o f  low frequency  waves a long  th e  p o s i t iv e  
column o f  a c y l in d r ic a l  gaseous d is c h a rg e .
The io n  a c o u s tic  wave has been s u c c e s s fu l ly  d e te c te d  
by p rev io u s  w orkers and sh o w  to  be in  good agreem ent 
w ith  th e o r e t ic a l  p r e d ic t io n s .  However, i t  can be shown 
th a t  under a fav o u rab le  com bination o f  th e  type o f  g a s , 
the  p re s su re  and th e  column geom etry9 a mode p ro p ag a tes  
w ith  l i t t l e  o r no a t te n u a t io n  in  the  e le c t ro n  stream  
d i r e c t io n s and w ith  a v e ry  h ig h  a t te n tu a t io n  in  the  
o p p o s ite  d i r e c t io n .  The anode d ir e c te d  wave i s  o f  th e  
'backward* ty p e , as an in c re a se  o f  frequency  co rresponds 
to  an in c re a se  o f w aveleng th .
I t  has been p o s s ib le  to  show th a t  by in c lu d in g  c o l -  
l i s i o n a l  lo s s e s  in  th e  e q u a tio n s  o f  m otion fo r  th e  e le c tro n s  
and ions and d e r iv in g  th e  a p p ro p r ia te  plasm a p e r m i t t iv i ty  
e x p re ss io n , d is p e r s io n  s o lu tio n s  fo r  a c i r c u l a r ly  symmetric 
lo n g itu d in a l  mode do e x h ib i t  a backward slo p e  and anomolous 
p ro p ag a tio n  c h a r a c t e r i s t i c s  p ro v id in g  th a t  th e  e le c tro n  
d r i f t  v e lo c i ty  i s  o f  th e  o rd e r  o f th e  therm al v e lo c i ty .
Experim ents have sh o w  th a t  th e se  waves e x i s t  in  Neon over 
the  p re s su re  range 0 .1  to  0 .03  mM. Hg. w ith  a d isch a rg e  c u rre n t 
o f  100 mA.., and measurements o f th e  plasm a p aram eters  have shown 
th a t  the  n e ce ssa ry  c o n d itio n s  a re  s a t i s f i e d  in  th e  d isch a rg e  
system  in v e s t ig a te d .
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C H A P T E R  I  
In tro d u c tio n
As e a r ly  as 1928, J .  S. Webb and L. A. Pardue (Ref 1) 
d e sc rib e d  experim ents in  which o s c i l l a t i o n s  between a few 
hundred H ertz  to  240 kHz were observed to  occur spon taneously  
in  low p re s su re  a i r  d isch a rg e  tu b a s . At th e  tim e t h i s  ’noise* 
was a t t r ib u te d  to  being  th e  io n ic  e q u iv a le n t o f th o se  very  
h ig h  frequency  o s c i l l a t i o n s  observed by Langmuir ( r e f  2) and 
Penning ( r e f  3 ) ,  presumed due to  e le c tro n  v ib r a t io n s .
In  1929, Lewi Tonks and I rv in g  Langmuir o f th e  G eneral 
E le c t r ic  Company N.Y. p u b lish ed  t h e i r  renounad th e s i s  on 
’O s c i l la t io n s  in  Io n ized  G ases’ . They were a b le  to  p r e d ic t  
a d is p e r s io n  curve fo r  ion-c  s c i l l a t i o n s  from zero  frequency  to  
what i s  now known as th e  ion-p lasm a freq u en cy , and e le c tro n  
o s c i l l a t i o n s  above th e  e lec tro n -p la sm a  freq u en cy .
The au th o rs  co n sid e red  a p e r tu rb a t io n  o f th e  io n ic  
d e n s ity  a t  some lo c a l is e d  p o in t to  cause an e l e c t r i c  f i e l d  "to 
be e s ta b l is h e d .  The io n ic  movement i s  assumed to  be 
s u f f i c i e n t ly  slow fo r  th e  e le c tro n s  to  r e d i s t r i b u t e  th em selv es , 
acco rd ing  to  a Boltzmann p a t te r n ,  to  th e  co rrespond ing  d e n s i ty .
The ensuing  e l e c t r i c  f i e ld  r e a c ts  upon th e  system  and a resonance 
o s c i l l a t i o n  can o ccu r.
Follow ing th e  o r ig in a l  p a p e r , we chose an o rth o g o n a l 
system of c o -o rd in a te s  and c o n s id e r th e  io n s , between two p lan es  
p e rp e n d icu la r  to  th e  z - a x is ,  to  be d isp la c e d  by a d is ta n c e  £ 
which i s  independent o f x and y . Then, i f  th e  d isp lacem en t i s  
a con tinuous fu n c tio n  o f z and 3£/3z << 1 th e  change o f d e n s ity  
caused by th e  io n ic  d isp lacem en t i s  g iven  by:
where n . and n a re  th e  io n  and e le c tro n  d e n s i t i e s  (assumed 1 e
equal in  th e  plasm a approx im ation : n « «* n ) , K i s  Boltzmann*s
c o n s ta n t, i s  th e  therm al energy o f th e  e le c t r o n ic  plasm a and 
V i s  th e  ensu ing  e l e c t r i c  p o te n t ia l  g iven  by P o is so n ’ s e q u a tio n .
In  u n ra t io n a l is e d  e . g . s .  u n i t s ,  we have:
Sn. -  -n . 3 t/9 z1 l  * (1 . 1)
and hence
6n *= n I exp (eV/KT ) -1  )e g L e j (1 . 2)
92V/8z2 = -4ire (Sn. -  5n )l  e (1 .3 )
Thus, s u b s t i tu t in g  (1 .1 )  and (1 .2 )  in  (1 .3 )  and assuming
eV/KT «  1 e
a2V/8z2 * 47rne (8C/9z + eV/KT ) (1 .4 )
and s in ce  to  a f i r s t  o rd e r , e3V/3z ■ -m. £1
32 (?+ 47rne2 c) "  4irne2 5 ■ 0 (1 .5 )
3z2 -m. KT1 e
hence, assuming v a r ia t io n s  o f th e  type
5 = exp j  (ait -  kz)
“> 2 then  to * 4-n-ne
m. + 47rne2m. 1 1
(1 . 6)KT k2 e
2I f  we now c o n sid e r th e  case  when 471^9 /KT << 1, th en :e 9
2 2 to ' -► 4nne /m.1
analogous to  th e  e le c t r o n ic  plasm a freq u en cy . On th e
o th e r  hand, fo r  sm all v a lu e s  o f k we o b ta in  th e  u su a l
a c o u s tic  d is p e r s io n  r e la t io n s h ip  fo r  a con tinuous medium:
to/k * /KT /ra. (1 .8 )e 1
w here, in  t h i s  c a se , th e  tem p era tu re  i s  th a t  o f  th e  e le c tro n s  
and the . mass i s  th a t  o f th e  io n s .
V , -  3 ,9  x 10** (T m /m .)^ph e e ' 1
4°; I
Thus, fo r  exam ple, i f  T^ * 10 *' K and (m^/m^)2 ■ 600 then  
V ^  -  6 .5  x 104 eras/sec . p rov ided  X i s  g r e a te r  th an  about 1 ram.
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j 0)
F ig  (1) The io n -a c o u s tic  mode as developed by Tonks and Langm uir.
This work was th e  fo u n d a tio n  o f  a s e r ie s  o f  in v e s t ig a t io n s  
o f th e  low frequency  ’n o is e 1 spectrum  o f  d is c h a rg e s , bu t a lth o u g h  
th e  r e s u l t s  seemed to  be a c o n firm a tio n  o f  th e  h y p o th e s is , very  
l i t t l e  f u r th e r  work was p u b lish e d  on plasm a o s c i l l a t i o n s  u n t i l  
S p i t z e r ’ s p u b l ic a t io n ,  "The P h y sics  o f  F u lly  Io n ized  G ases1, in  
1956 ( r e f  (4) ) •  T his p re se n te d  th e  f i r s t  com prehensive su rvey  
o f  plasm a o s c i l l a t i o n s .  A lthough S p itz e r  d e sc rib e d  th e  pure  
a c o u s tic  mode as be in g  o f d o u b tfu l e x is te n c e  , h is  l a t e r  e d i t io n  
(1962) acknowledges th e  o b se rv a tio n s  by A lex eff and N eidigh ( r e f  (5) )
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o f a low frequency mode whose phase v e lo c i ty  was n e a r ly  independent 
o f frequency , th e reb y  being  in  g en e ra l agreem ent w ith  th e  d is p e r ­
s io n  c h a r a c te r i s t i c s  o f F ig  (1 ) .
In  A le x e f f ’ s experim en t, th e  pa ram ete rs  o f th e  d isc h a rg e  
tube were v a r ie d  u n t i l  c le a r  s in u so id a l s tan d in g  waves could  be 
d e te c te d  on an e le c tro d e  capa& tively  coupled to  th e  system . A 
p lo t  o f th e  frequency  and w ave-leng th  to  th e se  waves showed a 
phase v e lo c i ty  n ear th e  p re d ic te d  v a lu e . One p a r t i c u l a r ly  
in te r e s t in g  f e a tu re  o f th i s  experim ent was th e  a c tu a l  measurement 
o f th e  r e s to r in g  fo rc e  d e riv ed  from th e  therm al p re s su re  o f 
th e  h o t plasma* We can w r ite  th e  phase v e lo c i ty  V ^ a s :
V . * (YnKT /nra.)^ (1 .9 )ph ' e i
Dimensiona n y .  th e  b rack e ted  term s a re :
| P re ssu re  term /H ass d e n s ity  term  j
which i s  analogous to  th e  e q u a tio n  fo r  th e  v e lo c i ty  o f a sound
wave, V :. s
V * (YP/e)* (1 .1 0 ) s
where cf i s  th e  mass p e r u n i t  volum e, and P i s  th e  p re s s u re .
In  th e  case o f th e  p lasm a, nnu i s  th e  mass p e r  u n i t  volume due 
to  th e  ions and , th e r e f o r e ,  th e  num erator should re p re s e n t  an 
a c tu a l  therm al p re s su re  in  dynes p e r  square  c e n tim e te r  e x e r te d  by
6th e  plasm a e le c tro n s  and o f m agnitude P « nKT . A lex eff and" e
N eidigh p laced  a s e n s i t iv e  non-conducting  to r s io n a l  b a lan ce  in to  
th e  end o f a d r i f t - f r e e  plasm a column and fo r  v a rio u s  v a lu e s  o f 
n and T^, o b ta in ed  d e f le c t io n s  com patib le  w ith  th e  th e o r e t ic a l  
p r e d ic t io n s .
I t  was thus p o s s ib le  to  a t t r i b u t e  th e  low -frequency s tan d in g  
waves to  re so n an t s o lu tio n s  o f th e  a c o u s tic  wave d is p e r s io n  
eq u a tio n .
The sp o n ta n e ity  and am plitude  o f o s c i l l a t i o n s  suggested  
an in h e re n t i n s t a b i l i t y  of th e  system , and th e o r e t i c a l  work was 
d ire c te d  tow ards d e sc r ib in g  p o s s ib le  mechanisms fo r  grow th.
Growth Mechanisms
I t  was shown by P ie rc e  ( r e f  6) and by E ae ff ( r e f  7) 
th a t  when two components o f a plasm a have r e l a t i v e  mass m otion , 
a  d e n s ity  f lu c tu a t io n  may in c re a s e  e x p o n e n tia lly  w ith  tim e . Bohm 
and Gross ( r e f  8) ex p la in ed  th e  p h y s ic a l mechanism o f t h i s  energy 
exchange between th e  mass m otion o f th e  stream  (a c o l le c t io n  
o f p a r t i c l e s  moving w ith  a p r e c is e ,  d ir e c te d  v e lo c i ty  and having 
no therm al sp read ) and th e  plasm a o s c i l l a t i o n s  by th e  concept 
o f t r a p p in g * .  The i n s t a b i l i t y  (o r damping) i s  produced by 
K ly s tro n  bunching e f f e c t ,  whereby a p e r tu rb a t io n  o f one component 
produced s p a t i a l  bunching o f th e  o th e r .  I f  th e  bunching i s  in  
phase w ith  th e  p e r tu rb in g  x*ave, a m p lif ic a t io n  o r i n s t a b i l i t y  can o c cu r .
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An example o f such in te r a c t io n  i s  th e  D ouble-Stream  A m p lifie r 
developed by P ie rc e  in  1949.
When th e  s tream  components a re  allow ed therm al m otion , so 
th a t  phase m ixing o c c u rs , a g r e a te r  degree  o f m athem atical 
s o p h is t ic a t io n  i s  n e ce ssa ry .
I t  was shown by Landau ( r e f  9) th a t  th e  p e r tu rb a t io n  o f a 
plasm a component whose therm al v e lo c i ty  d i s t r i b u t io n  i s  M axwellian 
can be se v e re ly  damped. However, i t  i s  n o t im p l ic i t  th a t  th e  
p e r tu rb a t io n  o f a component w ith  no therm al v e lo c i ty  i s  n e c e s s a r i ly  
damped by a n o th e r component having some v e lo c i ty  sp read ; fo r  i f  
t h i s  component has a sp read  which i s  sm all compared to  th e  
d r i f t  v e lo c i ty ,  th e  e f f e c t  i s  dlm ittshed and i t  i s  even p o s s ib le  fo r  
some o f  th e  components in  th e  ’ t a i l 1o f th e  sp read  to  be in  
resonance w ith  th e  p e r tu rb a t io n ,  th e reb y  causing  i n s t a b i l i t i e s .
When bo th  components have therm al v e lo c i ty  sp re a d s , a 
q u a l i t a t iv e  r e s u l t  i s  no t r e a d i ly  a c c e s s ib le .  E . A. Jackson  ( r e f  10) 
has in v e s t ig a te d  th e  s t a b i l i t y  o f tx?o M axwellian components 
moving w ith  a r e l a t i v e  d r i f t  v e lo c i ty  in  a c o l l i s i o n - f r e e  spectrum  
and shows how, in  th e  case  o f an e le c t ro n - io n  p lasm a, th e  maximum 
growth r a te  can be p re d ic te d  in  term s o f th e  c u r re n t  o r  tem p era tu re  
r a t i o s .
I t  has been suggested  th a t  th i s  m ight be th e  mechanism fo r  
la rg e  s c a le  cosmic d is tu rb a n c e s  as  w e ll as fo r  th e  i n s t a b i l i t i e s  
in  some plasm a ex p erim en ts . However, as in  Landau’ s d e r iv a t io n  o f
the  damping f a c to r ,  asym pto tic  l im i t s  o f  an in t e g r a l  a re  assumed 
on the  grounds th a t  th e  plasm a components a re  ’f re e -s tre a m in g * , 
Landau damping can be shown to  d isa p p e a r  when th i s  l im i t  i s  
in v a l id .  Such i s  th e  case  under c o n d itio n s  o f  h igh  c o l l i s io n  
frequency  when
T < 2ir/kV c o l l  rms
where T . . i s  the  c o l l i s io n  p e rio d  and V i s  a measure o f  the  c o l l  1 rms
spread  o f th e  v e lo c i ty  d i s t r i b u t io n .  Thus, under the  c o n d itio n s
o f  many la b o ra to ry  ex p erim en ts , th e  phase m ixing e f f e c t  o f  c o l ­
l i s io n s  can predom inate over p o s s ib le  Landau i n s t a b i l i t i e s ,  
g iv in g  r i s e  to  th e  p o s s i b i l i t y  o f  undamped a c o u s tic  w aves, o r  
predominance o f  o th e r  growth m echanisms.
Up to  th i s  tim e , th e re  was a  tendency to  c l a s s i f y  a l l  low 
frequency  phenomena as io n ic  o r  a c o u s t ic ,  w aves. I t  was shown, 
however, by Crawford ( r e f  11) in  1963 th a t  waves o f  low frequency  
(20  -  200  kHz) could  be p ro p ag a ted  tow ards th e  anode o f  a d .c .  
d isch a rg e  column, a lth o u g h  n o t in  th e  re v e rse  d i r e c t io n  w ith  
l i t t l e  o r  no a t te n tu a t io n  and th a t  a p lo t  o f  wavenumber v e rsu s
frequency  y ie ld e d  a curve o f  n e g a tiv e  s lo p e . Such a backw ard-
wave c h a r a c t e r i s t i c  cou ld  n o t be ex p la in ed  by th e  ion-wave 
th e o r ie s  and rem ained u n id e n t i f ie d  u n t i l  r e c e n t  (1967) pap ers  by 
Craw ford, Ewald and S e lf  ( r e f  12) and Foulds and P u rc e ll  ( r e f  1 3 ).
Craw ford, Ewald and S e lf  showed th a t  in  th e  p resence  o f a 
m agnetic f i e l d  the  in c lu s io n  o f c o l l i s i o n a l  and io n iz a t io n  term s 
g ives s o lu tio n s  which fo r  dependent modes y ie ld  a good d e s c r ip t io n  
o f  th e  d is p e r s io n  cu rves o b ta in ed  in  t h e i r  ex p erim en ts .
Foulds and P u rc e ll  showed th a t  fo r  c e r t a in  v a lu e s  o f th e  plasm a 
p a ram ete rs , s im ila r  c h a r a c te r i s t i c s  can be found in  the  absence o f 
a m agnetic f i e l d  fo r  th e  case  o f  th e  a x ia l ly  symmetric mode. These 
modes a re  n o t pure  a c o u s tic  waves b u t a r a th e r  com plicated  combina­
t io n  o f io n -a c o u s tic  and e le c tro n  s tream  w aves. In  t h i s  work they  
have been la b e l le d  E -I  modes.
A part from t h e i r  backward-x^ave n a tu re  th e  o th e r  c h a r a c t e r i s t i c  
o f  th e se  modes i f  th a t  p ro p ag a tio n  to Twards th e  cathode i s  g e n e ra lly  
so h e a v ily  damped as to  make d e te c t io n  v e ry  d i f f i c u l t .
In  c h a p te r  2 , o f  t h i s  work, th e  complex te n so r  p e r m i t t iv i ty  
o f  a plasm a i s  c o n s id e re d , and th e  x?ave q u a tio n s  f o r  p ro p ag a tio n  
o f e lec tro m ag n e tic  r a d ia t io n  th rough  such a medium are  developed 
fo r  a  c y l in d r ic a l  c o -o rd in a te  system .
I t  i s  shoxm th a t  i f  s o lu t io n s  a re  r e s t r i c t e d  to  r a d i a l l y  
v a ry in g  modes by sp e c ify in g  th a t  the  lo n g itu d in a l  e l e c t r i c  f i e ld  
should decrease  to  zero  a t  some f i n i t e  r a d iu s ,  then  th e  d is p e r ­
s io n  eq u a tio n  re s o lv e s  i t s e l f  in to  two coupled q u a r t ic  e q u a tio n s .
For r e a l  w v a lu e s  th e  complex wave-number s o lu t io n s  a re  determ ined 
by computer te c h n iq u e s .
In  o rd e r  to  g ive  some p h y s ic a l j u s t i f i c a t i o n  to  th e  r e s u l t s  
o b ta in e d , i t  i s  n e ce ssa ry  to  determ ine  many o f  th e  p re v a i l in g  
plasma p a ra m e te rs . An accoun t o f  the  th eo ry  behind  th e  ex p erim en ta l 
methods i s  g iven  in  C hapter 3 , and th e  r e s u l t s  a re  to  be found in
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C hapter 4 . A lso in  C hapter 4 a re  th e  ex p erim en ta l d is p e r s io n  
cu rv e s . F in a l ly ,  in  C hapter 5 , th e  th e o r e t ic a l  r e s u l t s  a re  
d iscu ssed  and compared w ith  th o se  o b ta in ed  in  th e  la b o ra to ry  
experim en ts.
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C H A P T E R I I
Wave P ropagation  in  a c y l in d r ic a l  column d isch a rg e
2 i l  The te n s o r  p e r m i t t iv i ty
In  o rd e r  to  determ ine th e  d is p e r s io n  c h a r a c te r i s t i c s  o f  th e  
e lec tro m ech an ica l modes o f  p ro p ag a tio n  in  an io n -n e u tr a l is e d  plasm a 
column o f  f i n i t e  c r o s s - s e c t io n ,  i t  i s  n e ce ssa ry  to  sp e c ify  th e  
components o f  th e  p e r m i t t iv i ty  te n s o r i  
M axwell’ s eq u a tio n s  g iv e  u sj 
C url H * D + J  
which can be w r i t t e n  in  th e  form 
C url II -  K.E
where K i s  in  i t s  most g en e ra l form th e  te n s o r  p e r m i t t i v i ty  and
i s  c le a r ly  r e la te d  to  D th e  d isp lacem en t c u rre n t and J  .the
conduction  c u r r e n t .
For p lan e  wave p ro p ag a tio n  in  an i n f i n i t e  n o n -d isp e rs iv e
medium, in  say th e  z - d i r e c t io n ,
Curl H * !e E * 0 z zz z
so t h a t  E = 0 . th e  e l e c t r i c  f i e l d  b e in g  e n t i r e ly  tra n s v e rs e  z
to  th e  d i r e c t io n  o f  p ro p a g a tio n . However, owing to  th e
d is c r e te  charges o f  a plasm a th e  p e r m i t t i v i ty  components can become
z e ro . The system  can th en  su p p o rt a lo n g itu d in a l  wave w ith
E f i n i t e ,  e * 0 . z 9 z z
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C onversely , ap p ly ing  th e  c o n d itio n s  t h a t  th e re  a re  no
tra n s v e rs e  v a r ia t io n s  and Ez f i n i t e  to  th e  eq u a tio n s  o f  c o n t in u i ty
and momentum, and to  P o issons e q u a tio n , d e sc r ib in g  a p lasm a, a
zero  s o lu t io n  o f th e  d e te rm in an t o f t h e i r  m a tr ix  y ie ld s  th e  r e s u l t
th a t  a  « 0 . zz
The f i r s t  two moments o f  th e  Boltzmann e q u a tio n  g ive  u s :
V .(nv) 4, 3n ~ 0 (2 .1 )
8t
n (v.V) v + nv + rffifr ne E * 0 (2 .2 )
x m *m
(Appendix I )
where e and m a re  th e  p a r t i c l e  charge and mass r e s p e c t iv e ly ,
E i s  th e  e l e c t r i c  f i e l d ,  x i s  th e  p e rio d  c f  c o l l i s io n s  fo r  
momentum t r a n s f e r  and ^ i s  a s t r e s s  te n s o r .
The s t r e s s  te n so r  can be approxim ated by a s c a la r  p re s su re  
such th a t
V.fy * kTVn
The r e s t r i c t i o n s  on t h i s  assum ption a re  th a t  th e  v e lo c i ty  d is ­
t r i b u t io n  should  be n e a r - i s o t r o p ic  and th a t  a t  l e a s t  th e  b u lk  
o f th e  e le c tro n s  should  behave in  a M axwellian m anner. The form er 
i s  c e r t a in ly  u n tru e  fo r  ions in  th e  plasm a sh ea th  b u t f o r  th e  
plasm a model co n sid e red  h e re  i s  a s a t i s f a c to r y  assum ption .
Langmuir probe m easurem ents in d ic a te  t h a t  th e  low energy e le c t r o n  
plasm a has an accu ra te ly*  M axwellian d i s t r i b u t io n .  However,
i n e l a s t i c  c o l l i s io n s  cause a marked d e p le t io n  o f the  h ig h  v e lo c i ty  t a i l  
in  most g a se s . The o v e ra l l  spectrum  can n o t, th e re fo re ,  be t ru e ly  
M axwellian and some in accu racy  i s  in h e re n t in  assuming i t  to  he 
so .
W ithin th e  plasm a approx im ation  o f  n e u t r a l i t y ,  -  N, then
fo r  an i n f i n i t e  geometry w ith  no c ro ss -c o u p lin g  between m otion 
in  the  r f <p and z d i r e c t io n s  we can w r ite  th e  e q u a tio n s ;
where s u f f ix e s  1 ,2  a p p lie d  to  c o n s ta n ts  r e f e r  to  e le c tro n s  and 
ions r e s p e c t iv e ly ,  and s u f f ix e s  0 , 1 a p p lie d  to  v a r ia b le s  r e f e r  
to  d .c ,  and a . c .  q u a n t i t i e s .  E quations (2 ,3 )  and (2 ,4 )  a re  th e  
e le c tro n  and io n  eq u a tio n s  o f m otion , eq u a tio n s  (2 ,5 )  and (2 , 6 ) 
a re  th o se  o f c o n tin u ity  and e q u a tio n  (2 .7 )  i s  P o is s o n 's  
e q u a tio n . and re p re s e n t  th e  d r i f t  v e lo c i t i e s  o f  th e  
e le c tro n s  and ions r e s p e c t iv e ly ,  th e  d i r e c t io n  o f  e le c tro n  
flow  be ing  p o s i t iv e ;  P q and dQ a re  th e  e le c tro n  and ion  
number d e n s i t i e s .  Vt ^ and a re  th e  therm al v e lo c i t i e s  g iven  
by
VU ,2  "  l H e , i  
^ e , i
where Y is  th e  r a t i o  o f the  s p e c i f ic  h e a ts ,  q^ and 02 a re  
th e  c o l l i s io n  r a te s  between e le c tro n s  o r  ions and th e  n e u tr a l  
g a s , m u lt ip l ie d  by th e  averaged f r a c t io n a l  lo s s  o f  momentum. 
Seeking s o lu t io n s  o f  th e  form:
P 1 * P1 exp + kz)
and
o
d^ * exp j(fc>t + kz)
such th a t  9 /3 t  « ju> ; 3 /9 z  « j k ,  we o b ta in  th e  c o n d itio n  fo r
a n o n - t r iv ia l  s o lu t io n  o f  th e se  sim ultaneous e q u a tio n s  a s :
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U1 vx
.... . .  w ,-r  —
El 1 dl
j ( u  + UQk - jq i ; 0 " e l /n i jk V t12 /p o 0
0 j(w  -Vok - jq 2) " W 0 j W t , 2 / ^
jp  0k : 0 o j ( u  + nok) 0
0 j  d ko 0 0 j(o) -  V^k)
0
L  ____ _ ______ : ....
0 Jk -4wex - 4 .e 2
* 0
which g iv es  us th e  s o lu tio n s  (Appendix I I )  
(w+ U k  " j q x)  (u *“ VQk -  j q 2) -  0 (2 .9 )
=0 (2 .10) 
The f i r s t  P a i r  o f  s o lu tio n s  a re  e l e c t r o s t a t i c  waves s ta t io n a r y  
w ith  re s p e c t to  th e  e le c tro n  o r  ion  s tre am s . S u b s ti tu t io n  o f 
th e  f i r s t  s o lu t io n  in to  eq u a tio n  (2 .3 )  y ie ld s ;
E « 1 ( -  yKT Vp) = Vp
ep ePo o
i e  VE = -  yKT V2p « 4-n-p ee 1
P eo
■ h2vt e 2 ° i c
The charges o s c i l l a t e  in  th e  stream  w ith  a c h a r a c t e r i s t i c  
wave number g iven  by
h * Wp/Vte
The q u a n ti ty  h ^ i s  known as th e  Debye S h ie ld in g  d is ta n c e  L^.
Debye showed th a t  a t  a d is ta n c e  g r e a te r  th a n  1^ , th e  e l e o t r i c  
f i e l d  o f  a p o in t  charge i s  sh ie ld e d  by p a r t i c l e s  o f o p p o s ite  
ch a rg e . Langmuir s ta t e d  th a t  i f  i s  sm all compared w ith  th e  
o th e r  le n g th s  o f  i n t e r e s t ,  an io n is e d  gas should  be c a l le d  
a p lasm a.
Id e n t i fy in g  th e  second ty p e  o f  s o lu t io n  w ith  th e  c o n d itio n  
ezz 88 ^ y ie ld s ;
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£ZZ " 1 " “ e 2/ ! (u) + Dok )2  '  Vt i k2 " j ql u ‘  j q l Uok I
-  (O.2 /  [fo -  V k ) 2 -  V 2k2 -  j  v  ♦ j q 2Vok 1'
!  -
S u b s t i tu t io n  o f th e  re le v a n t  th e rm a l, d r i f t  and c o l l i s io n
p aram ete rs  would y ie ld  th e  analogous ex p re ss io n s  f o r  e and £.r r  <p(f)
g iv in g  th e  d iag o n al components o f th e  p e r m i t t iv i ty  te n s o r .  In  
th e  absence o f a  superim posed m agnetic  f i e l d  ( th e  s e l f  m agnetic  
f i e ld  o f  th e  d isch a rg e  c u r re n t  i s  n e g le c te d ) ,  th e re  i s  no 
f i r s t  o rd e r  coup ling  between m otion in  th e  r ,  $ and z -  d i r e c t io n s .
Second o rd e r term s o ccu rin g  in  th e  dyad ic  (V.V)V a re  
n e g le c te d  as th e  p ro d u c t o f a . c .  q u a n t i t i e s .  W h ils t t h i s  
l im i ta t io n  i s  v a l id  in  p r a c t i c e ,  a  s t a t i c  a n a ly s is  o f  th e  
plasm a column can show m ath em atica lly  th a t  th e  term  3 u/3 r  becomes 
i n f i n i t e  where th e  r a d ia l  d r i f t  v e lo c i ty  eq u a ls  th e  am bipolar 
d if f u s io n  v e lo c i ty ;  th e reb y  g iv in g  r i s e  to  an ^ t t i f i c a l  
boundary a t  some f i n i t e  ra d iu s  ( r e f  (14) ,S e l f  and Ew ald). This 
dilemma i s  b rough t about by id e a l iz a t io n  o f th e  plasm a m odel; 
in  r e a l i t y  th e  d e n s ity  and p o te n t ia l  d ec rea se  m ono ton ica lly  
th rough  a sh ea th  re g io n  w ith o u t t h e i r  g ra d ie n ts  becoming i n f i n i t e .  
T his m a tte r  i s  d isc u sse d  f u r th e r  when th e  q u e s tio n  o f  boundary 
c o n d itio n s  a r i s e s .
We must now c o n s id e r  th e  problem  o f  wave p ro p ag a tio n  in  a 
medium d e sc rib e d  by th e  te n s o r :
K.E
/ ei r r35 >
0 0 ?^ E \■1 r  \ I 1 t
\ o
\ Ecj><f>
0 Si E.
) * ■ i\  0 0 t zz .j \ E z  /
(2 . 11)
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2 .2  The wave s o lu tio n
M axw ell's eq u a tio n s  g iv e ; 
V*E = -jwy H 
VaH = jojfeJ E 
o r ,  in  c y l in d r ic a l  c o -o rd in a te s ,
1 3E — SE** “ — i oou H— ~=rZ *^ =4> J H0 1r  30 3z
3E -  3E = -  jo)y E.-r -r—z o <P3z 3r
1 3 ( rE .)  -  1 3Er  = -  ju y  H
r  3r r  30 0 *
w r it in g  th e  te n so r  f e l  as
£ 0 0r r
0 H t
0
0 0 ezz
y ie ld s ;
- | 3 0  -  ^ r r Er
r  3r 3z
3H -  3F * 1 
3zr  T ? 3toe00E0
I f -  (r V  “ A | | r  “ ja e ZzEZ r  3r r  30
e lim in a tin g  E. from (2 .1 5 ) and (2 .13 ) and w r it in g  3/3z « jk ,
3 /3 t  ■ jw ;
A
U)£r r
-  k 3E + 3E » itop  -TrttZ —  z “ o Hwe r  30 3rr r
o r
(2 . 12)
(2 .1 3 )
(2 .14)
(2 .15 )
(2 .16 ) 
(2 .17 )
-  19 -
o r
1 /  U L  N Z l  + / i i 2 "  W  \  I  »_ (rE O  = - 1 2  (r3E )
r  \ 3r30 j wer r  \  wer r  / r  3r r  3 r 3 r
S u b s ti tu t in g  fo r  jL 3 ( r lL )  from (2 .1 7 ) : 
r  3r
II _3H + / jk f.  -  joiy y W E  + 1 3Hr \  = -  1 _3 (r3E )
r\3r30 /wer r  I wer r  "" I\ r  ] r  3r 3 r
o r ‘
j k 2
„ WC , _  _ ^r r  r r  ’ r r
I / Hz ) z!l + / ilL. “ wn\ I Hr +(^ 0ezz “
r  1 3 r3 0 j we I we J r 30 \  e )
Ez
-  -  1 3 (r3E ) (2 .1 8 )
—  -r—  — Zr  3r 3r
we now need to  ex p ress  and in  term s o f E^; e l im in a tin g  
from (2 . 1 2 ) and (2 .1 6 ) :
I M ,  + w A  “ _ £  <ikEr  - i l k  1
r  30 ue^0 3r
d i f f e r e n t i a t i n g  w . r . t .  0
1 32E7 = 1 -k  3H_ - 1 / j k 2 -  jw u )  3H_ (2 .1 9 )
r 2 30“ r  “ E00 35i8r r Vwe00
Thus, i f  e * £ww, R .H .S. o f (2 .19 ) i s  id e n t ic a l  w ith  th e  f i r s t  * r r  00
two term s o f (2 .1 8 ) ,  i . e .
,2p ^ t 1 ' 2   > Ez + (w y e  -  .
r  3r 3r r L 302 e
I J L  <r H z )  + I 2  V o  ” H  ) zzzEz “ 0 (2.20)
r r
20 -
(N.B, in  (2 .20 ) e. and e a re  r e l a t i v e  p e r m i t t i v i t i e s )  r r  zz
2 21 3 (r3E ) + 1 + TC (k , u ) E -  0 (2 .21)
7 1 7  S r 2 7 7 1  2r  30
w here,
K2 (k , <o) -  -  | i )  (1 - ^ pn2/[< io  ♦ Uonk ) 2 -  Vtn 2k2
e .. ir r  * /
-  i ^ o n *  * 3qn w ■ (2.22)
assum ing s o lu t io n s  o f th e  forms
t? r? / \  j (w t + kz)E * E ( r )  e J eJ z z
p e rm its  th e  s o lu t io n  o f  e q u a tio n  (2 .21 ) (B e s s e l 's  eq u a tio n ) to  
be. w r i t t e n ;
J  (K (w>k) r )  + Z K  <K ^  > k > r )  (2 *23)z  zpq p ^ 1 zpq p
where in  t h i s  c a se , B = 0 s in c e  th e  f i e ld s  must be f i n i t e  on 
th e  a x i s .  Hence,
E « E J  (u>, k) r )  e3P<J> e3 ^  + kz) (2 .24 )z zpq p
O utside  th e  p lasm a, R < r<«>9 th e  p e r m i t t i v i ty ,  i s  e 0 o r  n e a r  to
e • The wave e q u a tio n  (eq u a tio n  2 .20) w ith  & "  &. . * s' * eo r r  <p(p zz o
has s o lu t io n s  which a re  m od ified  B esse l fu n c tio n s  o f  th e  f i r s t  
and second k in d .
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In  th e  case o f  a lo s s - f r e e  p lasm a, c o n tin u ity  a c ro ss  
th e  in te r f a c e  g iv es  th e  d e te rm in e n ta l e q u a tio n , and a d isp& rsien 
r e la t io n s h ip  can be o b ta in ed  by r e - i t e r a t i v e  te c h n iq u e s . However 
fo r  a lo s sy  m odel, a l l  th e  B essel fu n c tio n s  w i l l  be complex and 
s o lu t io n  i s  p r o h ib i t iv e ly  co m p lica ted .
In  o rd e r  to  re so lv e  th i s  problem , th e  model must be changed 
In s te a d  o f th e  lo n g itu d in a l  e l e c t r i c  f i e l d  va ry in g  r a d ia l ly  
as a B esse l fu n c tio n  to  th e  plasm a boundary and th en  decaying 
e x p o n e n tia lly  th rough  th e  d i e l e c t r i c  su rro u n d in g s , i t  w i l l  
be confined  to  a sim ple B esse l fu n c tio n  v a r i a t io n ,  becoming 
zero  a t  th e  plasm a boundary . The argument th en  becomes a 
n u m erica l c o n s ta n t g iven  by zero s  o f  th e  p a r t i c u l a r  o rd e r  
B esse l fu n c tio n s , and hence (2 .21 ) becomes a r e l a t i v e l y  sim ple 
eq u a tio n  y ie ld in g  th e  w-  k  c h a r a c t e r i s t i c s .
T his p rocedu re  i s  re a so n ab le  fo r  low freq u e n c ie s  ( co << o^) 
s in c e  i f  th e  f i e ld s  in s id e  and o u ts id e  the  plasm a re g io n  a re
E _ « A J  (lu  r )  ( f i n i t e  on a x is )zX o
and E = B K (h , r )  (ze ro  a t  i n f i n i t y )zo o
th en  a t  th e  b o u n d ary (r * R) c o n tin u ity  o f  th e  lo n g itu d in a l  
e l e c t r i c  f i e l d  g ives
A J  (h, R) -  B K ( lu  R)o ± o z
th u s , E * A J  (h, R) K O u r)ZO O J- o i
° r> ^ 5 2 ' "  ■ J o (hL R) Ko (b2 r )
Ez a x is  K (h , U)o
Since |e  J >> 1, then  B * J  (h-R) -> 0I z z 1 * o l
K (h-R) o l
Thus a t  low fre q u e n c ie s , th e  f i e ld s  a re  confined  alm ost e n t i r e ly  to
th e  plasma* In  p r a c t ic e ,  t h i s  i s  confirm ed by th e  f a c t  th a t  p la c in g  an
e a r th e d  m eta l s leev e  around th e  column has no pronounced e f f e c t  upon th e
propaga ted  s ig n a l •
With th i s  m odel, i t  i s  n ecessa ry  to  re p la c e  e by eQ» a c o n s ta n t,
» .  2s in ce  from eq u a tio n  2 . 2 2 , when er r  becomes i n f i n i t e ,  th en  so must k , 
i .e *  c u t- o f f  o c c u rs . This c u t - o f f  i s ,  however, an a r t i f a c t  b rough t 
about by th e  s im p lif ie d  model used fo r  when th e  th in n e s t  d i e l e c t r i c  
su rround ing  i s  in c lu d e d , K(k,aj) i s  n o t a c o n s ta n t and can become 
im aginary ; th e reb y  p e rm itt in g  a s o lu t io n  fo r  th e  low est o rd e r  c i r ­
c u la r ly  symmetric mode. The co rrespond ing  d is p e r s io n  curve p a sse s  
smoothly th rough  th e  frequency a t  which the  e r r ->- °o resonance o c c u rs .
Thus th e  problem  has been reduced to  seek ing  s o lu tio n s  o f the  
eq u ations
K2 = (M2V o  -  k2) ( l  -  Z U on k ) 2 -  V2/  -
(2 .2 5 )
w here,
K (k ,w) R * So l * 2 .405 
th e  f i r s t  zero  o f th e  zero  o rd e r  B essel fu n c tio n  o f th e  f i r s t  k in d .
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w rit in g  k p $ + j a  so th a t  s o lu tio n s  v a ry  as 
exp j  fat + k z) = exp (-a z )  exp j  (tut + 3 ?)
so t h a t  a  ~ve 3 , + ve a ,  s o lu tio n  r e f e r s  to  a damped wave 
p ro p ag a tin g  in  th e  +ve z -  d i r e c t io n  .
For th e  io n -e le c t ro n  p lasm a, we have;
1 + K -  ID 2 f } \  (» + U S) 2 -  a 2n 2 -  V„2 B + V. 2a
(k2 - m2y s  > e / ] L  °  °  1:1 t2Mo o V
+ q.U a] + j  f2aU (m + U 3) -  V 22a3 -  q, (u) + U 3)1 I  1 O J  J [  O O tj^ 1 O J  I
2 r  / TT os2 rr 2 2 t t  2a 2 ^ TT 2  2 tt 1+ a). / M  (u> -  V 3 )  -  V a - V .  3 + V. a -  q«V a i
1 / L °  O ■ 12  c 2  o J
t  I
+ j  f  - 2  aV (a) -  V 3 )  -  V 2 2a3 -  q 0 (w -  V 3 )  i V
L ° ° *-2 ^ ° -i !
o r  more c o n v en ie n tly ,
o 2 2
1 K » “ e + “ i  j
(k2 ' - u 2y c ) A + j3  C + jD
O o
to  th a t  in  term s o f  r e a l  and im aginary ,
T ^  t t 2  f / o 2  2 N 2  ’ 1  2 A1 + k j (g -  a ) -  u U0e0] .  <"e + “ i, 2 C
2 2 2 2 2 2 2 (a + 3 ) A + Bz C + D
and 2 2
-  2 a g  = — Me E -  “ 1 n
2 . 2 , 2  , 2  2 2 _2 (6 a ) A + B  C + D
(2 .26)
(2 .27 )
(2 .28 )
(2 .29 )
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S o lu tio n s  to  (2 .2 8 ) and (2 .29 ) were o b ta in e d  w ith  an E l l i o t  
503 com puter. For a p a r t i c u l a r  w, th en  u s in g  *8 * as a d is c o n t in ­
uous ly  ru nn ing  v a r ia b le ,  th e  r e a l  ro o ts  Ta* o b ta in ed  by s o lu t io n  
o f  q u a r t ic  (2 .28 ) were each s u b s t i tu te d  in to  (2 .2 9 ) . Where (2 .29 ) 
was found to  have been s a t i s f i e d  betw een two p a r t i c u l a r  a ,  8 
com binations a r e i t e r a t i v e  b ra c k e tin g  p ro cess  gave p ro g re s s iv e ly  
more a c c u ra te  s o lu t io n s  w, a ,  8 * In  t h i s  manner th e  f u l l  
freq u en cy , wave-number and growth r a t e  cu rves were p lo t te d .
I t  should  be noted  th a t  in  t h i s  tre a tm e n t we have n o t d e riv e d  
a c o n s is te n t  s te a d y - s ta te  s o lu t io n  in  which p ro d u c tio n  and lo s s  o f 
p a r t i c l e s  a re  b a lan c e d . For t h i s  reason  th e  re g io n s  o f grow th 
p re d ic te d  on our model were used on ly  to  determ ine  c o n d itio n s  
where p ro p ag a tin g  waves were l i k e ly  to  appear in  p r a c t i c e .  The 
r e a l  p a r t  o f th e  d is p e r s io n  curve should  be c o r r e c t ly  d e sc rib e d  
by th e o ry •
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C H A P T E R  I I I
D eterm ination  o f th e  P h y s ic a l param eters p re v a il in g  
under th e  d isch a rg e  c o n d itio n s
The d a ta  used in  o rd e r to  o b ta in  r e a l i s t i c  th e o r e t ic a l  
d is p e r s io n  curves were th o se  param eters  e i th e r  measured d i r e c t l y ,  
o r e s tim a te d , co n sid e red  ty p ic a l  o f th e  c o n d itio n s  under which 
th e  ex p erim en ta l r e s u l t s  x^ere o b ta in e d .
A neon f i l l e d  d isch a rg e  tube o f 1 cm. ra d iu s  and 150 cms. 
le n g th  su s ta in e d  a d isch a rg e  c h rre n t of 100  mA* th e  v o lta g e  
drop along  th e  p o s i t iv e  column being  about 4 v o l ts /c m .,  w ith  an 
e le c tro n  tem pera tu re  o f th e  o rd e r o f 20,000°K, a t  a p re s su re  o f
0 .1  to  0 .03  mm. Hg. Under th e se  c o n d itio n s  Von E n gel’ s book
Sp r e d ic ts  an e le c tro n  d r i f t  v e lo c i ty  of 1 .18 x 10 '"' cm s/sec . and an
5io n  d r i f t  v e lo c i ty  o f 1 .2  x 10 cm s/sec .
3.1 T h e o re tic a l e s tim a tio n  o f c o l l i s io n  freq u e n c ie s
We need now to  e v a lu a te  th e  c o l l i s io n  frequency o f a p a r t i c l e  
moving a t  a speed U through a medium having  a M axwellian 
d i s t r ib u t io n  o f v e lo c i t i e s  and a co rrespond ing  most p robab le  
speed fo r  th e  p a r t i c u l a r  p a r t i c l e  co n sid e red  o f Vav.
A p a r t i c l e  o f speed C w i l l ,  on average c o l l id e  w ith  a l l
s im ila r  p a r t i c l e s  o f a speed c /  co n ta in ed  in  a c y lin d e r  whose
2 . .base i s  o f a re a  ttcx (a being  th e  c o l l i s io n  c ro s s - s e c t io n
d iam eter o f th a t  p a r t i c l e )  and whose le n g th  i s  th e  r e l a t i v e  
v e lo c i ty  U-, where
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UR * / £  + C/2  -  2C cos 9 (3 .1 )
(0 being  th e  angle  between th e i r  p a th s ) ,  in  u n i t  tim e .
Let us e s ta b l i s h  a p o la r  c o -o rd in a te  system  along th e  
d i r e c t io n  C, w ith  an g u lar param eters  0 ,<j>. Then assuming a
M axwellian d i s t r ib u t io n  o f v e lo c i t i e s ,  th e  number o f p a r t i c l e s  in  a
u n i t  volume, fo r  which v j  l i e s  between vJ and cJ + 6C^, <j> between 
<f> and 6 + 6 0 , <f> be tweeny and <j>+ 6cf>is:
I? C/2  e Vav* d c / Sin 6 d9 d<t> (3 .2 )
!  3/2  Vav3
Thus, th e  average number o f  c o l l i s io n s  p e r  second is s
J 2
N a2 n c /2  e Vavl d c /  Sin 0 d9 d<f> (3 .3 )
O R
I 3
tt2 Vav
and hence, th e  t o t a l  number o f c o l l i s io n s  experienced  by th e  
p a r t i c l e  is s
-  C/2
C  f i N a 2 U c/ 2 e Vav* - ^  Sind d0 d<f> ( .■ t i o R (3 .4 )\ 1 ‘--   T-------Q------- f  
} } \ 77 2 Vav
c' c;
o r ,  from  (3 .1 )
oo ____
I f >7 2 „/2  V avi „ /2  2 ,TT /o c \- rr i N C e C U_ dC d.U_ (3 .5 )-v v  j-------5-------7~ x, R
■] tt2 Vav C C/
th e  in te g r a t io n  l im i t s  fo r  UR b e in g i
( /  < C c /  < C
6 = 0  U « C -  ( /  U_ = c /  -  CK X
/ /8 = tt UR * C + c ' UR -  c ' + C
g iv in g
C + cJ C + < /
r,jR3 1 K 31
V 1 3 /C -  C' c -  c
« (2 C2( /  + ‘2c / 3) + (2 cc/2 + 2C3)
thus in te g r a t in g  w . r . t .  c /  to  o b ta in  th e  t o t a l  number o f
c o l l i s i o n s ,
c -C /2
2tt^Na2 | \ (2 < /c 2 + 2C/3 ) e VaV* d ( /
Vav | ) ^ C
Lo" p /2
» - C  !
+ S (2 CC/2  + 2 C3) c /  e VavX d c / !
c
R eplacing  C/Vav and c //V av  by th e  d itn en sio n less  v a r ia b le s
x and y , th e  averaged c o l l i s io n  frequency  becomes
q = 7r2Na2 Vav ^(x)
(x)
w here, X n f.CO
4 ,  O 2 2 ,  V  A . ; . 3  « . 3 ,  - y 2i{Kx) = 4  > (y + 3x y ) e ^ dy + 4 i (x y + 3xy ) e
3 j 3 .,;
•  (J' • •which by means o f  th e  re c u rre n c e  r e la t io n s h ip
{ M f -^2
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2
+ (2x + I )  j e y  dy
dy i s  ta b u la te d  as the  ’e r r o r  fu n c t io n ’ .
E rf Z « 2 [ e t  d t  = $ (Z)
o ^  2
3  J
th u s .
(3 .8 )
Thus i t  has been shown th a t  a p a r t i c l e  w ith  a v e lo c i ty  C -  x  V
in  a medium whose v e lo c i ty  d i s t r ib u t io n  i s  M axwellian and 
where i s  th e  most p robab le  speed o f th a t  p a r t i c l e  in  th e  
medium., s u f f e r s  c o l l i s io n s  a t  a r a te  q g iven  by eq u a tio n  ( 3 .7 ) .  
R ather than  use a ,  th e  c o l l i s io n a l  c ro s s - s e c t io n  d iam eter 
o f th e  p a r t i c l e  c, which r e a l ly  only  has s ig n if ic a n c e  fo r  
l ik e  p a r t i c l e  c o l l i s i o n s , we can use o s th e  c o l l i s io n  c ro s s -  
s e c t io n a l  a re a  fo r  the  co u p le , ( i . e .  th e  base a re a  o f th e  
c o l l i s io n  “-c y lin d e r o r ig in a l ly  co n sid e red ) Thus, q becomes*
With p a r t i c u l a r  re fe re n c e  to  th e  plasm a system  being  co n s id e red , 
th e  mean number o f c o l l i s io n s  experien ced  p e r second by an 
e le c t ro n  s tream ing  through th e  plasm a, i s -
av
(3 .9 )
2 o )  A& \  2
(3 .10 )
where cr  ^ re p re se n ts  th e  e le c t ro n - n e u tr a l  atom c ro s s - s e c t io n a l  
a r e a ,  Nq i s  th e  n e u tr a l  gas d e n s i ty ,  A co rrespond ing  ex p re ss io n  
would he a p p lic a b le  fo r  th e  c o l l i s io n  r a te  o f  a d r i f t i n g  ion  w ith  
th e  n e u tr a l  atom s, w ith  a^  4^ *
The v a lu e  o f  th e  c o l l i s io n a l  c ro s s - s e c t io n  a re a  used in  
t h i s  c a lc u la t io n  i s  th e  r e s u l t  o f  k in e t ic  th e o ry  c a lc u la t io n s  g iven  
by Darrow ( r e f  (15) ) and by Arnot ( r e f  (16) ) ,  whose source  was 
Rankine and L a n d o lt-B ^ tn s te in , 2nd, supplem ent to  5 th  e d i t io n .  
A lthough fo r  our p u rp o se s , t h i s  v a lu e  has been tak en  to  be c o n s ta n t 
i t  has been e s ta b l is h e d  by Ramsauer’s experim ent in  1921 th a t  as 
th e  v e lo c i ty  o f th e  e le c tro n s  i s  d ec rea sed , th e  e f f e c t iv e  c rs jss- 
s e c t io n  o f  th e  atom in c re a s e s  t  o a va lu e  s e v e ra l  tim es g re a te r  
th an  th e  k in e t ic  th e o ry  v a lu e  and th en  d ecrea se s  to  a v a lu e  which 
i s  much sm a lle r  th an  th e  k in e t i c  th eo ry  v a lu e . This phenomenon 
was q u ite  unexpected by Ramsauer and rem ained unexp lained  u n t i l  
H oltsm ark ( r e f  (17) * 1927) ta c k le d  th e  problem  from a wave- 
m echanics a s p e c t .  He exp ressed  th e  S chr#d inger e q u a tio n  in  
in te g r a l  form u sin g  G reen’s theorem , and was ab le  by ta k in g  th e  
r e f r a c t iv e  index  o f  th e  atoms in to  account , to  s u c c e s s fu lly  
e x p la in  th e  s o -c a l le d  R.amsauer e f f e c t .
In  th e  ex p erim en ta l system  co n sid e red  th e  r a t e  o f  c o l l i s io n  
w ith ' th e  tube w a lls  due to  th e  therm al component o f th e  iovfs 
v e lo c i ty  m ight w e ll be com parable w ith  th e  stream  to  n e u tr a l  atom 
c o l l i s io n  freq u en cy .
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The number o f  p a r t i c l e s  c ro s s in g  a u n i t  a re a  p lan e  in  a 
p a r t i c u l a r  d i r e c t io n  a t  a v e lo c i ty  u i s  u n (u ) p e r  second . So 
th a t  th e  t o t a l  number p e r  second i s
..oo
J u n (u ) du
b
w hich, on s u b s t i tu t in g  fo r  n (u ) acco rd in g  to  a M axwellian 
d i s t r i b u t io n ,  g ives
n ~ no \ u exp -  /  U \ ^ du * n
-------------- T  \  I T t )  °  a v
va v ^ j  ' • w
Thus a t  a ra d iu s  Rj th e  number o f  p a r t i c l e s  c ro s s in g  an 
an n u la r p lan e  o f  u n i t  le n g th  in  a r a d ia l  d i r e c t io n  would be
2ttR n Vo av
and th e  r a t i o  to  th e  t o t a l  number c f  p a r t i c l e s  enclo sed
2*E no Vav x = vav
2^  1111 no RlIf
T his q u a n ti ty  m ust be added to  eq u a tio n  (3 .10 ) to  o b ta in  th e  t o t a l  
c o l l i s i o n  r a t e  fo r  an e le c tro n  o r  ion  d r i f t i n g  a t  a v e lo c i ty  in  
a plasm a whose tem p era tu re  co rresponds to  a most p ro b ab le  v e lo c i ty  
Vav and which i s  co n ta in ed  in  a column o f  ra d iu s  R.
.11)
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3 .2  Tem perature measurement
To a s se s s  th e  e le c tro n  tem pera tu re  T^, o f th e  plasm a, th e  
double-probe techn ique  d e sc rib e d  by Reifman. and Dow ( r e f  18) 
fo r  io n o sp h e ric  m easurem ents, was u t i l i s e d .  In  o td e r  to  
a p p re c ia te  th e  c o n s id e ra b le  b e n e f i ts  gained  by u sin g  a double­
p ro b e , we s h a l l  examine th e  s in g le -p ro b e  th eo ry  as f i r s t  p re sen te d  
by Langmuir and M ott-Sm ith ( r e f  1 9 ).
In  th e  Langmuir s in g le -p ro b e  system , a sm all c y l i n d r i c a l : 
s p h e r ic a l  o r  p la n a r  e le c tro d e  i s  h e ld  in  th e  plasm a and i t s  p o te n t ia l
i s  v a r ie d  above and below the  plasm a p o te n t ia l  a t  th a t  p o in t .
When th e  p o te n t ia l  d if f e r e n c e  i s  p lo t te d  as a fu n c tio n  o f th e  probe 
c u r r e n t ,  th e  c u r re n t  i s  seen to  p ass  from s a tu r a t io n  in  one d i r e c t io n ,  
th rough  th e  zero  p o in t ,  to  s a tu r a t io n  in  th e  o th e r  d i r e c t io n .
From th e  Boltzmann d i s t r i b u t io n  fu n c tio n , th e  e le c tro n  probe
c u rre n t i  can be w r i t te n  e
i  « A J  exn -  4>V (3 .1 2 )e o *
where * e/KT =* 11,600/T  , and V i s  the  p o te n t ia l  d if f e re n c er e 9 e
between th e  plasm a and th e  p ro b e . Or, s in ce  th e  p o te n t ia l  o f  the
plasm a w i l l  n o t ,  in  g e n e ra l , be known, we can w rite  Vg as th e  cathode :
plasm a p o te n t ia l  and V th e  cathode : probe p o te n t i a l ,  g iv in g :
P
Log i  -  (e/KT ) V + Log A J  -  eV„/KT (3 .13 )43 e e p e o S e
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A p lo t  o f Log^ a g a in s t  should  thus g ive  from th e  
s lo p e .
However, eq u a tio n  (3 .13 ) shows th a t  any v a r ia t io n  o f th e
random c u r re n t  d e n s ity  o r V th e  cathode-plasm a p o te n t ia ls
w i l l  in v a l id a te  c a lc u la t io n s  o f  T from th e  g ra d ie n t .  In  
p r a c t i c e ,  one f in d s  th e  c u r re n t  drawn in  approaching th e  knee o f  
th e  v o lta g e -c u r re n t  curve i s  s u f f i c i e n t  to  a l t e r  th e  appearance 
o f  th e  d isch a rg e  in d ic a t in g  th a t  th e  probe i s  drawing an a p p re c i­
a b le  f r a c t io n  o f  th e  d isch a rg e  c u r re n t ;  th e reb y  a l t e r in g  Vg and 
T^at th a t  p o in t .
The double-probe system  w i l l  now be shown to  be a much more 
s u i ta b le  se n so r , in  as much as i t  can on ly  draw a maximum c u rre n t 
equal to  th e  random io n  c u r r e n t .  The l a t t e r  be in g  hundreds o f  tim es 
sm a lle r  th an  th e  e le c tro n  c u rre n t drawn by a s in g le  p ro b e .
The b a s ic  c i r c u i t  i s  as shown in  F ig  (2 ) ,  th e  p o te n t ia l  
b e in g  th e  d i f f e r e n t i a l  v o lta g e  and i ^  th e  a s s o c ia te d  c i r c u i t  
c u r r e n t .
C onsider now th e  s t a t e  when -  0 . Each probe w i l l  f l o a t  
a t  th e  p o te n t ia l  o f  th e  plasm a and assuming th a t  bo th  probes a re  
o f  equal a re a s ,  and th a t  th e re  a re  no o th e r  in f lu e n c in g  p o te n t i a l s ,  
th e re  w i l l  be no n e t  c i r c u i t  c u r r e n t .  This s t a t e  i s  d e sc rib e d  
by p o in t  *0* in  Fig.* (3 ) .  I f  th e  d i f f e r e n t i a l  v o lta g e  i s  now 
made s l i g h t l y  n e g a tiv e , th en  probe (1 ) w i l l  move tow ards th e  
plasm a p o t e n t i a l ,  c o l le c t in g  more e le c t r o n s ,  w h ils t  p robe (2 ) 
moves away from th e  plasm a p o te n t ia l  and c o l le c t s  l e s s  e le c t r o n s .
PLASM A
VARIABLE V O L T A G E  SOURCE.
V
F ig . 2 B asic doub le-p robe c i r c u i t .
x
X
F ig . 3 V o lta g e -c u rre n t c h a r a c te r i s t i c  o f  th e  d o u b le -p ro b e .
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The excess o f  e le c tro n s  flow s around th e  e x te rn a l c i r c u i t  and 
c o n s t i tu te s  th e  c u rre n t i ^ .  As becomes more n e g a tiv e , 
probe (1 ) approaches th e  plasm a p o te n t ia l  w h ils t  probe ( 2 ) 
becomes more n e g a tiv e , c o l le c t in g  le s s  e le c tro n s  and a l l  th e  
io n s .  In  th e  l i m i t ,  probe (1) w i l l  c o l l e c t  an e le c tro n  c u rre n t 
s u f f i c i e n t  to  b a lan ce  th e  ion  c u rre n t and th e  system  moves along 
th e  p o r t io n  xy in  F ig  (3 )•
In  p r a c t ic e  th e  system  fo llow s a l in e  y x ’ • Johnson and 
M alte r ( r e f  (20 ) ) have shown t h i s  to  be due to  an expansion  of 
th e  sh ea th  th ic k n e ss  and have e v a lu a te d  a c o r re c t io n  f a c to r  which 
en ab les  th e  s a tu r a t io n  c u rre n t to  be determ ined  (Appendix I I I ) .
I f  th e re  i s  a p o te n t ia l  d if f e r e n c e  between probe (1) 
and th e  su rround ing  p lasm a, V2 between probe (2 ) and th e  plasm a 
and Vc i s  th e  plasm a p o te n t ia l  a t  th e  two p ro b es , th en  th e  c i r c u i t  
c u r re n t i s  g iven  by
Zip = i P l + ip2 -  ie l  + i e2  (3 .14 )
o r s u b s t i t u t in g  fo r  and acco rd ing  to  th e  Boltzmann
r e l a t i o n ,  (and w r it in g  KT /M = 0e e
l i p  « A1j 0 l  exp -  0 V1 + A2j 02 exp -  0 V2 (3 .15 )
th en  s u b s t i t u t in g :  « V2 +
Log | l i n / i e 0 * 1 1  “ -  0 V, + Log a “ Log pi (3 .16)e <. r  L I u e
where P  » ( E i p / i ^ )  -  1 and a = ( A ^ jo ^ /A ^ ^ )  exP ^ vc (3 .1 7 )
Thus a p lo t  o f Loge T a g a in s t  y ie ld s  the  e le c tro n  tem p e ra tu re .
The va lue  o f th e  double-probe system  i s  now a p p aren t; f i r s t l y ,  
the  p lo t  i s  o f r  r a th e r  than  th e  e le c tro n  c u rre n t and hence the  
s lo p e  i s  e s s e n t i a l ly  u n a ffe c te d  by changes o f th e  e le c tro n  random 
c u rre n t d e n s i t i e s ,  th e  plasm a p o te n t ia l  between th e  p ro b es , 
c o n ta c t p o te n t i a l s ,  e t c . ,  and secondly  th e  c o n s ta n t term  i s  now 
independent o f th e  plasm a p o te n t i a l ,  making th e  system  s u i ta b le  fo r  
decaying  p lasm as.
P lo t t in g  r  i s  unwieldy and i s  n o t s u i ta b le  fo r  an au tom atic  
system . However, th e re  i s  an a l t e r n a t iv e  approach which Johnson
J ,
and M aiter c a l le d  the  ’E q u iv a len t R es is tan ce  Method. E quation  
(3 .1 6 ) can be w r i t t e n ;
i  ■ El f  ( a exp -  $ V, + 1 (3 .1 3 )
e 2 P d /
th u s ,
( d i e 2 \  -  u p $0 _
I  d V ,  i (1 +a)2 (3 .1 9 )
d ' v .  = 0d
Solving fo r  T and re p la c in g  (dV ,/d  i e ? ) by i t s  e q u iv a le n t
e 0 1 V -  0
(d V . / d i . )  :
V .= 0d
T * 11,600 a jEi dV, e 9 —-----„ j *p  d
(1 + o r  L d i d (3 .20 )
vd - °
to  avo id  th e  inconven ience  o f c a lc u la t in g  a from (3 .1 7 ) , we n o te  
th a t  eq u a tio n  (3 .1 6 ) g iv es
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and in tro d u ce  a param eter G, such th a t
T « 11,600 (G -  G2) \ Z'i dV, 1e j p  a j
L d i ,  !a ~
T * 11,600 (G -  G2) R t ie ’ o p
(3 .21 )
hence
(3 .22 )
where i s  c a l le d  th e  ’e q u iv a le n t r e s i s t a n c e 1. As th e  form ula 
makes use of th e  g ra d ie n t o f th e  curve th rough th e  o r ig in ,  one
shown in  th e  appendix th a t  fo r  reaso n ab ly  symmetric c u rv e s , i t  i s  
s a fe  to  ex tend  th e  s lo p in g  s a tu ra te d  p o r tio n  0 .8  of th e  way back to  
the  c u r re n t  a x is ,  and then  p a r a l l e l  to  th e  v o lta g e  a x is  fo r  th e
to  th e  ’k n ee ’ can however, r e s u l t  on ly  in  an e r r o r  about 5% h ig h .
3 .3  Measurement o f plasm a frequency  and e le c tro n  d r i f t - v e l o c i t y
By de term in in g  th e  e le c tro n  plasm a frequency , an averaged 
v a lu e  o f th e  e le c tro n  d e n s ity  i s  o b ta in e d . R e la tin g  th e  measured 
d isch a rg e  c u r re n t  to  th i s  v a lu e  en ab le s  th e  e le c tro n  d r i f t  
v e lo c i ty  to  be c a lc u la te d .
should  use a v a lu e  o f Zi co rrespond ing  to  th i s  p o in t .  I t  i s
rem ain ing  d is ta n c e ,  hence o b ta in in g  a va lue F a il in g
to  tak e  th i s  e x tra p o la te d  va lue  o f Zi r a th e r  than  th a t  co rrespond ing
I f  J  i s  th e  d isch a rg e  c u rre n t d e n s i ty ,
r u
VD = )  J  dA / \ en dA (3 .3 3 )
x ~ s e c t# x -se c t*
X * e • ry mm
V_, * I / t t R  en ( 3 . 3 4 )D
where R i s  the column ra d iu s  and I  th e  measured c u r r e n t .
The p lasm a-frequency  can he measured by making use o f th e  
s o -c a l le d  D a ttn e r resonance between a plasm a column and an R .F. 
f i e l d .
I t  can be shown by an e l e c t r o s t a t i c  approx im ation  (Appendix IV)
th a t  fo r  a c y lin d e r  o f d i e l e c t r i c  c o n s ta n t and ra d iu s  r  < R,
surrounded by a g la s s  w a ll ,  d i e l e c t r i c  c o n s ta n t e in  an e x te rn a l
§
medium e , r  > b/ ,  and s u b je c t a uniform  e l e c t r i c  f i e l d  E , o o
th a t  i f  th e  p o te n t ia l s  in  th e  th re e  m edia a re s
V -  Ar Cos 8 (3 .35 )
P
V as Br Cos 8 + E Cos 8 / r  (3 .36 )
g
V = E r  Cos 0 + D Cos 0 / r  ( 3 . 3 7 )r  o
. 4 e eth e n , A =  o g_________________
Eo e (e+ + a^e ) + e (e* -  a e ) (3 .38 )
P ' g
+ -  , /  where e « e * + e  , e  » e -  e and R/R 33 cc. g o  g o
Thus fo r  a plasm a column, where can be w r i t te n
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the  denom inator v a n ish e s , co rrespond ing  to  reso n an ce , when:
a 2 /u 2 = 1 + e fe+ -  a \ ~ ) / ( e + +a2e~) (3 .39 )
so t h a t  as a 1 (v an ish in g ly  th in  w a l ls ) ,
u 2 /u>2 - * z  (3 .40 )
P
A s e c tio n  o f S-band (3n x l j fl o . s . )  waveguide was f i t t e d  w ith  
f la n g e s  so th a t  i t  could  be b o lte d  around th e  d isch a rg e  column 
(F ig 4) and te rm in a ted  by a s tan d in g  wave c a r r ia g e  and matched 
lo a d . The s tan d in g  wave c a r r ia g e  was used as a d e te c to r  as th e  
tra n sfo rm e r te rm in a tio n s  a v a i la b le  were sev ere  m is-m atches over th e  
wide frequency  range in v e s t ig a te d .
In  o rd e r to  e s ta b l i s h  a resonance  between th e  R .F . and th e  
plasm a column, i t  i s  g e n e ra lly  e a s ie r  to  sweep th e  d isch a rg e  c u rre n t 
a t  a f ix e d  o s c i l l a t o r  frequency  than  to  a ttem p t an R .F. sweep o f 
c o n s ta n t am plitude o u tp u t .  The u su a l techn ique  i s  to  in c lu d e  an au to ­
tra n sfo rm e r in  th e  tube  supply le ad s  and m odulate th e  c u r r e n t .
However, t h i s  was found to  be u n s u ita b le  as s u f f i c i e n t  forw ard 
v o lta g e  to  cause an e a s i  iy  observed c u r re n t  resonance would 
mean th a t  th e  re v e rse  cy c le  caused a drop in  p o te n t ia l  s u f f i c i e n t  
to  e x tin g u ish  th e  d isch a rg e  and th e  tube  f a i l e d  to  s t r ik e  on 
th e  n e x t c y c le . The c irc u it .s h o w n  in  F ig  5 (a) e lim in a te s  th i s  
re v e rse  cy c le  w h i ls t  alloxtfing th e  d .c .  c u r re n t  to  flow . Resonance 
was ap p aren t on th e  o s c i l lo s c o p e  t r a c e s ,  as d e p ic ted  in  F ig  5 ( c ) .
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rv /
(a)
anode
p o s i t iv e
supply
c u rre n t
(b)
max
o
» T
m icro vave tra n sm iss io n
F ig , 5 Shoving (a )  th e  c i r c u i t  fo r  m odulating  th e  d isch a rg e  c u r r e n t ,
(b) th e  r e s u l t in g  vave form , and (c ) a ty p ic a l  
ijdcrowave ab so rb tio n  re sp o n se .
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To a s c e r ta in  th e  a c tu a l resonance c u r r e n t ,  th e  m odulation  
v o lta g e  was d ecreased  u n t i l  th e  two a b so rb tio n  p o in ts  were 
c o in c id e n t ,  A bsorb tion  then  o ccu rred  a t  th e  maximum c u rre n t 
v a lu e .
The average c u rre n t p e r c y c le  i s
T
“ 1 i *X * T I I  T/2 + I  T/2 + (Imax -  I  ) i Sin ast d t  (3 .41 )av  ^ o o °  j
r  7 T T^2 
= X + (Imax - 1 ) 1  -iC o s  u>t I ,
ayj
= I  + (Imax -  I  ) l/ tt o o
th u s  Imax -  I  + (I~v -  I  ) tt (3 .42 )o av o
By sw itch in g  S- in  F ig  5 (a ), c u r re n t  re a d in g s  I  and I  could  be1 O Q.V
o b ta in ed  on a moving c o i l  ammeter. Hence I ^ y  was o b ta in e d .
In  t h i s  m anner, graphs were p lo t te d  fo r  microwave frequency 
v e rsu s  d isch a rg e  c u rre n t a t  v a r io u s  p re s s u re s .  From th e se  
re a d in g s , d r i f t  v e lo c i ty  as a fu n c tio n  o f  p re s su re  p lo ts  could  be 
o b ta in e d .
3 «4 Measurement o f th e  frequency  o f  c o l l i s i o n  fo r  momentum t r a n s f e r  o f 
th e  e le c tro n s
A q u a n t i ta t iv e  measurement o f  th e  c o l l i s i o n a l  lo s se s  in  th e  
e le c t r o n  plasm a i s  th e o r e t i c a l l y  p o s s ib le  owing to  t h e i r  e f f e c t  
upon th e  resonance  response  betw een a plasm a f i l l e d  system  and 
microwave r a d ia t io n .
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The ex p re ss io n  fo r  th e  p lasm a-frequency,u) ,
?
becomes complex and th e  f i e l d  eq u a tio n s  rem ain a n a ly t ic  
th rough  th e  D a ttn e r resonance f re q u e n c ie s . By e v a lu a tin g  th e  
d iscrepancy  between th e  r e f l e c t io n  c o e f f ic ie n t  achieved  in  
p r a c t i c e  and th e  u r . i t  c o e f f i c i e n t  p re d ic te d  by th e  lo s s - f r e e  
th e o ry , th e  c o l l i s i o n a l  frequency c&n be c a l c u l a t e d •
In  o rd e r  to  p r e d ic t  th e  resonance resp  onse o f  a plasm a 
column o b s ta c le  p o s it io n e d  p a r a l l e l  to  th e  board  face  o f  a 
r e c ta n g u la r  x^aveguide, a len g th y  a n a ly s is  in v o lv in g  m atching o f 
th e  waveguide f i e ld s  a t  th e  c y l in d r ic a l  g la s s  and plasm a boundaries 
i s  n e c e s sa ry . Such d e ta i le d  an a ly ses  have been d iscu ssed  by 
Lewin ( r e f  21) fo r  v a rio u s  o b s ta c le s  and B ryant and F ra n k lin  
( r e f  2 2 ) have d e riv ed  an approxim ate method fo r  d e te rm in in g  th e  
e q u iv a le n t shunt su scep tan ce  o f such o b s ta c le s .  Foulds ( r e f  23) 
has shown th a t  by co n s id e rin g  th e  o b s ta c le  as p a r t  o f a re so n an t 
c a v i ty ,  i t  i s  s tra ig h tfo rw a rd  to  e s tim a te  th e  change in  re so n an t 
frequency  by c o n s id e rin g  th e  r e la t io n s h ip  betw een th e  f i e ld s  o f th e  
p e r tu rb e d  and u n p ertu rbed  c a v i t i e s  a t  th e  p lan e  o f  th e  o b s ta c le ,  
and ap p ly in g  them to  th e  p e r tu rb a t io n  form ula a s s o c ia te d  w ith  th e  
change o f  re so n an t frequency  o f  a c a v i ty .
The p e r tu rb a t io n  can be exp ressed  in  th e  form:
6u) _ In c re a se  in  average energy s to re d
•« ~ O rig in a l energy s to re d .   ^ 0 *
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o r,
! > 1  -  Ko> El Eo*+ (yl  -  »o> V o *  dV6a) ^
(jO f TT rr * . r> r> * jtt (3*44)o I u H,H + e E, E dVo 1 o o 1 o
JV
where s u f f ix e s  1 r e f e r  to  th e  p e rtu rb e d  system  and s u f f ix e s  o 
th e  u n p ertu rb ed  system .
Now th e  e f f e c t  o f  p la c in g  a T-netw ork o f  shun t s uscep tance  
jS  and a s e r ie s  re a c ta n c e  jX in  th e  c e n tre  o f  a re so n an t t r a n s ­
m iss io n  l in e  i s  to  change th e  re so n a n t frequency  as g iven  by 
e i th e r
s = -  (k2/B2H  «u)/u0 (3>45)
2 2o r ,  X/2 -  -  (k / 3  )tt 6o>/u>0 (3 .46 )
(where k i s - t h e  f re e -s p a c e  wavenumbar co rrespond ing  to  a>o and 
j3 i s  th e  gu ide  wavenumber) depending w hether th e  o b s ta c le  i s  a t  
a  v o lta g e  node (c a v ity  le n g th  \ )  o r  a  v o lta g e  an tin o d e  (c a v ity  
le n g th  x /2 ) r e s p e c t iv e ly .  (Foulds ib id )
Thus by c o n s id e rin g  th e  o b s ta c le  as a p e r tu rb a t io n  o f 
th e  a p p ro p r ia te  le n g th  c a v i ty ,  th e  e q u iv a le n t re a c ta n c e  to  g ive  
th e  same e f f e c t  on an e q u iv a le n t tra n sm iss io n  l in e  i s  r e a d i ly  
o b ta in e d .
W ith in  th e  l im i ta t io n s  o f  a p e r tu rb a t io n  th e o ry , t h i s  method 
i s  shown to  g ive  r e s u l t s  id e n t ic a l  w ith  th o se  re fe re n c e s  (21 ) and 
(22).
R everting  to  th e  problem  in  hand, i . e .  d e te rm in in g  th e  
r e f l e c t io n  c o e f f ic ie n t  due to  a plasm a column p laced  p e rp e n d ic u la r  
to  th e  t ra n s v e rs e  e l e c t r i c  f i e l d  o f a r e c ta n g u la r  w aveguide, 
we have th e  u n p ertu rb ed  f i e l d  com ponentss:
E » a EO XX
where E ( x ,y ,z )  * E S in  (7ry /b) Sin (2t t z / a  ) x g
(3 .47 )
and H -  a. H + & H (3 .48 )o y y z z
A
wgere H (x ,y ,z )  ■ A le E Sin (Try/b) Cos (2-jtz/A ) 
y s
,— A
and H (x ,y ,z )  * A__je E Cos (Try/b) Sin (27rz /Ag)
Agiy
Now c o n s id e rin g  th e  column to  be p e r tu rb in g  a re so n an t c a v i ty ,  
p o s i t io n  as in d ic a te d  in  F ig  %
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o r,
I > 1  -  Ko> El Eo*+ W  -  »*o> W  dv6a) ^ ^
0) f „  „  * , t? T? * JTT (3*44)o I u H-H + e E, E dVo 1 o o 1 o
V
where s u f f ix e s  1 r e f e r  to  th e  p e rtu rb e d  system  and s u f f ix e s  o 
th e  u n p ertu rb ed  system .
Now th e  e f f e c t  o f  p la c in g  a T-netw ork o f  shun t su scep tance  
jS  and a s e r ie s  re a c ta n c e  jX in  th e  c e n tre  o f  a re so n an t t r a n s ­
m iss io n  l in e  i s  to  change th e  re so n a n t frequency  as g iven  by 
e i t h e r
s = -  (k2/ e 2)ir «u)/u0 (3>45)
2 2
o r ,  X/2 * -  (k /g  )ir 6a>/w0 (3 .46 )
(where k i s - t h e  f re e -s p a c e  wavenumbar co rrespond ing  to  and 
g i s  th e  gu ide  wavenumber) depending w hether th e  o b s ta c le  i s  a t  
a  v o lta g e  node (c a v ity  le n g th  x) o r  a  v o lta g e  an tin o d e  (c a v ity  
le n g th  x / 2 ) r e s p e c t iv e ly .  (Foulds ib id )
Thus by c o n s id e rin g  th e  o b s ta c le  as a  p e r tu rb a t io n  o f  
th e  a p p ro p r ia te  le n g th  c a v i ty ,  th e  e q u iv a le n t re a c ta n c e  to  g ive  
th e  same e f f e c t  on an e q u iv a le n t tra n sm iss io n  l in e  i s  r e a d i ly  
o b ta in e d .
W ith in  th e  l im i ta t io n s  o f  a p e r tu rb a t io n  th e o ry , t h i s  method 
i s  shown to  g ive  r e s u l t s  id e n t ic a l  w ith  th o se  re fe re n c e s  (21 ) and 
(22).
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so th a t  eq u a tio n  (3 .45 ) g iv es  the  r e s u l t
S = a I gr  -  1
^2 \  a /  £*■ + 1 (3 .54)
o r s in  term s of a r e f l e c t io n  c o e f f ic ie n t; ,  p s
P * i l l  "  L ,- .  (3 .55)
2 + jS  (”*1 + j2 ,
(3 .56 )
2 2 1 hence p » | ~1 + j[2 A_ /_JL\ gr  + 1
a A ( Trd / e„ -  1
L g ' r  J
w h ils t  th i s  ex p re ss io n  y ie ld s  as much as was re q u ire d  from th e
a n a ly s i s ? i t  m ight be only  an in a c c u ra te  d e s c r ip t io n  o f th e  p h y s ic a l 
system*, owing to  th e  g la s s  w a lls  be ing  ig n o red . The a n a ly s is  
xd .ll now be re p e a te d  w ith  th e  g la s s  r e ta in e d .
D efin ing  p o te n t ia l s  V in  th e  th re e  media system  such
^ •) S 9 P
th a t
V = E r  cos 0 + D cos q P o te n t ia l  m  Space (3 .57 )r  o —r
V -  Br cos Q + E cos 0 P o te n t ia l  in  G lass (3 .58 )
S r
V « Ar c6 s 0 P o te n t ia l  in  Plasma (3 .59 )
P
th e  a d d i t io n a l  energy s to re d  in  th e  g la s s  anu lus must be in c lu d ed  
in  e q u a tio n  ( 3 . 4 4 ) .  Kence9 th e  energy p e r tu rb a t io n  becom es1
i S  " *o> |  lEo| 2 dV + \ S  " - 4  r2} lSo!2 dV (3-50)
"o J  "O o
th e  plasm a term  becom esi
( e  - e  ) A E 2 a  ttR2 Ju ( 3 . 6 1 )
P °  f  °  2 to
and th e  g la s s  term :
i ( e g ~ eo> i  iEo i 2 dv i  |jy 2 dv ° - &2)J ao J ' o r
which on s u b s t i tu t in g  fo r  B from eq u a tio n  8 S Appendix XV* y i e l d s ’
| (e e ) (A -  E ) |e  | 2 dV -  ( (e e ) E |e  | 2 dV (3 .63 ) j g “ o ' v-  ' o ' g -  O -  '_ p 'J
s u b s t i tu t in g  fo r  E from eq u a tio n s  6 and 8 a Appendix IV:
E = AR2 (e e ) 
_ 8 ” P _
2 e
g
th e  energy p e r tu rb a t io n  becomes?
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Thus9 th e  t o t a l  p e r tu rb a t io n  becomes?
A ! (e -  e ) irR2 + (e -  e ) (1 -  R2 (e_ -  e_) ) irR2 (R/2  -  1)
% P ° g O
_  irR2 ( e -  e ) (e„ ~ e ) Log n f  "]
V Q e £ J.
2 e.
g P 
2 e R
(3 .65 )
or<
A t t r / 2  j  ( e  - e Q ) a 2  + ( e  ~  c q )  ( 1  -  a 2 )  +  ( e  ~  e ^ )  ( * y - e g )  ( 1 - a 2 )
Eo  ^ P °  § ,_B
2 i+ a (£ ~ e ) ( e  » e ) Log a V
g P g ° e j
w heres01 = R /p /s th e  r a t i o  o f th e  in n e r  to  o u te r  ra d iu s
(3 .66)
[ L  — ^ ---------------- J
«• (eg c0) (1 + (ep -- O  ) + c c V  (cg -  ep> loge ot (
. _  j (3 .67 )
where e = e -  e and e = e + eg o  g o
/2  ( **A ttR * oT (e -  e ) (e + e ) + (e -  e ) (e + e )
E“ ~2T" 1 P g § °  g o g p
° g V. 2 1
+ a e (e -  e ) Log a C  
g P e t
= A irR/ 2  j e
o r  po g
  ^
e (1 -  a2Log a) + a 2e+”f + J^e (1 + a2Loga)~a2e j  |
(3 . 68) 
\I1
(3 .69 )
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Thus5 s u b s t i tu t in g  fo r  A/Eq from Appendix IV eq u a tio n  (14)
/ J 1 P  “ /•. 2 „ » 2 +7 r -  ^ 2-> x 2 +ffA03 “ I er. i s u  + a Loga) + a e f + e jc (1 +a loga)~ a  e j
,,7 \  “ P w    _______ ;__________ zf  *2 I
pi  + ■ 2 -  + 2 -  IL» e (e + a e ) + e (e — a e ) wP £
( 3 . 7 0 )
hence, « .
S = “*/X \  ir 6oj ,S! 4 t t R  " X g \ J
U  i co~ a~X 2" X (3.711\ O f C
p = r -1  + j  a  X  ^ X 1  - 1
 o ? c o
and
r / 2 ' • „ 2R X TT |£ J
( 3 . 7 2 )
where
X = e (e+ + a^e ) + e (e+ •” a^e ) 
P £
2 2 +1 -  2 2 + 1
e  ^e (1 ~ a log a) + a £ J + £ j e (1 + a‘“Loga)-a e J
P ~  2 S  ’ ( 3 . 7 3 )
over the range a= 0 to a a 1, a loga has a maximum magnitude of
20.184 a t  a -  0 , 6 .  For a -  1 5 a Loga -+ 0 9 y ie ld in g
V t + 2 - \  „ ( + 2 ~\X * £  (e + a £ ) + e (e -  a e )
p _ r +  ------ f _ _  (3 .74 )
e (e + a e ) + e (e -  a e )
P S
which i s  B ryant^s r e s u l t .
The u su a l ex p re ss io n  fo r  the  p e r m i t t iv i ty  o f a lo s sy  plasm a
i s
e = e J 1 —  wp
p  ° |  O ^ ^ F ) !  ( 3 . 7 5 )
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where w i s  th e  plasm a frequency and v th e  mean c o l l i s io n  frequency
fo r  momentum t r a n s f e r .  S u b s ti tu t io n  o f (3 .75 ) in to  (3 .73 ) and 
t h i s  in  tu rn  in  (3 .72 ) g iv es  th e  peak value o f th e  r e f l e c t io n  
c o e f f ic ie n t  a s :
where acco rd ing  to  B ryan t, B i s  a c o e f f ic ie n t  which d i f f e r s
from u n i t  by le s s  than  t vro p e r .  c an t fo r  e * 4e and a l l  a . “ 8 o
v a lu e s . This im p lie s  th a t  the  p resence  o f th e  g la s s  w all around 
th e  column does n o t e f f e c t  the  peak va lue  of th e  re so n an ce . In  
f a c t ,  in  de term in ing  B,, B ryant makes an approxim ation  which i s  n o t 
g e n e ra lly  v a l id ;  In  Appendix ( V ) a re  shown resonance curves 
p lo t te d  from eq u a tio n  (3 .72 ) u s in g  (3*73) and B ry an t7s ex p re ss io n  
(3 .7 4 ) ,  As would be ex p ec ted , th ese  a re  in  agreem ent fo r  a -> l s 
fu rth erm o re  bo th  curves show th a t  th e  peak v a lu e  o f th e  r e f l e c t io n  
c o e f f ic ie n t  does depend m arkedly upon th e  a v a lu e , and th a t  th e  
e f f e c t  o f th e  g la s s  w a lls  i s  n o t n e g l ig ib le .  For B ry an tSs c o n d itio n  
B ~ 1 th e  r a t i o  o f the  plasm a and g la s s  r a d i i  must be g re a te r  than  
0 .9 .
Thus, fo r  a > 0 .9 , th e  r e f l e c t io n  c o e f f ic ie n t  can be 
w r i t te n  as a
l p l  - 1 + aX vo
2
B (3 .76 )
2 2 2tt IT A a)
8
p * 1 /  (1  -K A)
where A * a X v o (3 .77)2 2 2tt R X a)
8
”a !t be ing  th e  waveguide h e ig h t .  R th e  plasm a d ia m e te r , Xq th e
fre e -s p a c e  w avelength  and \  th e  guide w avelength co rrespond ing
S
to  a frequency  to r a d s /s e c .
The co rrespond ing  power tra n sm iss io n  i s  g iven  by
| r [ 2 = a 2/ ( i  + a 2 ) 2
Hence, th e  ex perim en ta l method c o n s is ts  o f lo c a t in g  th e  
re so n an ce , m easuring 1T1, e v a lu a tin g  A and c a lc u la t in g  v from 
th e  waveguide d im ensions, th e  microwave frequency  and th e  
d isch a rg e  r a d iu s .
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C H A P T E R  IV
E xperim ental equipment and o b se rv a tio n s
Due to the slow phase velocity of the low frequency waves 
propagated in the positive column discharge, it is possible to 
detect the phase shift between the signal source and detector 
corresponding to a change of separation of only a few millimeters
In  th e  experim en t, th e  plasm a was m odulated a t  th e  s ig n a l 
frequency  by ap p ly ing  a s in u so id a l wave o f  40 v o l t s  am plitude a c ro ss  
two molybderjum gauze g r id s ,  s e t  J in ch  a p a r t  a c ro ss  th e  d isch a rg e  
column. The p e r io d ic  p e r tu rb a t io n  o f th e  e q u ilib r iu m  plasm a 
d e n s ity  e s ta b l is h e s  waves a t  th e  s ig n a l freq u en cy , p ro p ag a tin g  by 
means o f th e  coulombic in te r a c t io n  between e le c tro n s  and ions 
as d e sc rib e d  in  C hapter 2 .
By u sin g  a microwave s t r i p - l i n e  d e te c to r  tuned  to  re so n a te  
w ith  th e  plasm a column, th e  p e r io d ic  p e r tu rb a tio n s  o f plasm a 
d e n s i ty  could  be d e te c te d . The phase o f th e  d e te c te d  s ig n a l was 
compared w ith  th a t  o f th e  source and hence a phase s h i f t  v e rsu s  
d is ta n c e  graph could  be p lo t t e d .  Hence, by v a ry in g  th e  source 
freq u en cy , a frequency-w aveleng th  d is p e r s io n  r e la t io n s h ip  cou ld  be 
o b ta in e d •
The ex p erim en ta l system  used i s  in d ic a te d  in  th e  schem atic  
d iagram , F ig  7.
i
'ijtiMflfWUf—
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The d isch a rg e  tube
The d isch a rg e  was m ain ta ined  in  a 2 cm in te r n a l  d iam eter 
’Pvrex* tube over 130 cms in  le n g th . The tube was s u f f i c i e n t ly  
long to  enab le  measurements to  be made w e ll c le a r  o f th e  probes 
and the  cathode c o n s t r ic t io n .  This i s  an im p o rtan t d e t a i l ,  as 
th e re  i s  s tro n g  evidence (Crax=7ford e t  a l )  th a t  such o b s tru c tio n s  
to  th e  plasm a g ive r i s e  to  instabilities which a re  d e te c ta b le  
fo r  a f u r th e r  10 -  20 cms.
Tungsten was used fo r  the  p ro b es , th e  g r id ,  anode and cathode 
su p p o rts ; th e  anode being  c o n s tru c te d  from a n ic k e l  s h e e t, and 
th e  g r id s  from molybdenum gauze. The cathode was o b ta in ed  from 
M ullards L im ited , who use them in  10 amp th y ra tro n s .  F ig  8 shows 
the  c o n s tru c tio n  o f th e  tu b e .
The tube was baked a t  about 400°F, w h ils t  being  ev acuated , 
u n t i l  ’g a s s in g 1 f in i s h e d .  The anode, g r id s  and c a th o d e -sh ie ld  
were then  h ea ted  to  a ch erry  red  co lo u r w ith  a Raydyne In d u c tio n  
h e a te r ,  u n t i l  they  too caused no in c re a se  o f p re s s u re .
With th e  tube o u tg a ssed , th e  cathode was a c t iv a te d  and 
e v e n tu a lly  a 4 amp d isch a rg e  could  be m a in ta in ed .
The m odulation  s ig n a l supply
The m aster o s c i l l a t o r  used was an Airmec Type 858, g iv in g  
an o u tp u t o f 500 mV p .p .  in to  a load  g re a te r  than  75 ohms. A 
pentode a m p lif ie r  (EL 81) was then  used to  am plify  th e  s ig n a l to
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g ive  an o u tp u t o f 30 v o l t s .  In  o rd e r  to  couple th e  s ig n a l  to  th e  
p la sm a-g rid  system , a second pentode was used as a cathode 
fo llo w e r; i t s  supply l in e s  being  +250 and -250 v o l t s  w . r . t .  e a r th  
to  p rev en t the  h igh  in p u t v o lta g e  from c u t t in g  o f f  th e  v a lv e .
The r e s u l t in g  s ig n a l  was a 75 v o l t  s in u so id a l wave from an o u tp u t 
impedance o f 125 ohms. The D.C. p a th  from th e  g r id s  to  e a r th  
was b locked by a p a i r  o f 200 pF c a p a c i to r s .
The s t r i p - l i n e  d e te c to r
The most obvious method of d e te c t in g  changes o f plasm a 
d e n s ity  i s  to  fo llow  th e  s h i f t  o f resonance  to  a c a v ity  c o n ta in in g  
the  plasm a system . However, th i s  method s u f fe r s  from two se r io u s  
d isad v an tag es  f i r s t l y ,  resonance occurs  in  th e  absence o f any 
plasm a a t  a l l  so th a t  th e  d e te c t io n  would a c tu a l ly  be a p e r tu rb a ­
t io n  o f a p e rtu rb e d  c a v i ty ,  i . e .  a second o rd e r  e f f e c t  and secondly  
fo r  h igh  plasm a freq u e n c ie s  only  6m all d isch a rg e  tu b es  could  be 
u sed , w h ils t  a t  low d e n s i t i e s ,  th e  c a v ity  would be im p rac tic ab ly  
la r g e .
A more S a t is f a c to r y  tech n iq u e  developed by K ino, S e lf  and 
Crawford ( r e f  24) r e l i e s  upon th e  d ip o le  resonances o f a p lasm a.
In  t h i s  system , resonance only  occurs  in  th e  p resence  o f a plasma 
i . e .  a f i r s t  o rd e r  e f f e c t ,  and p e r tu rb a tio n s  of d e n s ity  a re  
r e a d i ly  d e te c ta b le .
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The p r in c ip le  behind th i s  techn ique  i s  very  s im ila r  to  th e  
D a ttn e r  resonance  method used to  determ ine plasm a freq u e n c ie s  
as d is c u s s e d  p re v io u s ly . In  t h i s  case a p a r a l l e l  p la te  s t r i p -  
l in e  i s  used r a th e r  than  a waveguide and resonance occurs fo r  
a la rg e  number o f f re q u e n c ie s .
C onsidering  th e  plasm a as an i n f i n i t e l y  long d i e l e c t r i c  
rod  o f p e r m i t t iv i ty  e , immersed in  a uniform  f i e l d  in  f r e e -  
space . The e l e c t r i c  f i e ld  l in e s  being as shoxm in  th e  schem atic 
diagram  below (F ig  9)
! ! I I i
| f
! ! i I
i ' \ \
\ \
F ig  9 F ie ld  l in e s  around a d i e l e c t r i c  ro d .
The f i e l d  in s id e  th e  rod i s  r e la te d  to  th a t  o u ts id e ,
E by: o J
E£ -  2Eq /(1  +. e ) (4 .1 )
where in  th e  case o f a c o l l i s io n - f r e e  co ld  plasm a,
e = 1 - w  (4 . 2 )p p
where &> i s  th e  e le c tro n  plasm a freq u en cy . Thus in  t h i s  exam ple, 
when
U)2 = 1 /2  u 2 (4 .3 )
P
resonance  o c c u rs . In  p r a c t ic e ,  a  s e r ie s  o f resonances i s  o b ta in e d .
I t  i s  th e se  t h a t  a re  c a l le d  D a ttn e r resonances r a th e r  than  th e  
sim ple d ip o le  s o lu tio n  ( r e f  2 5 ). An ex ac t s o lu tio n  in  th e  form
U)2 -  K j/K j op2 (4 .4 )
where depends upon th e  geometry o f th e  system  and depends 
upon th e  r a d ia l  v a r ia t io n  o f theplasm a d e n s ity  and th e  number o f 
azim u thal f i e l d  v a r ia t io n s ,  has been d e riv ed  by Kifto, S e lf  and 
Crawford ( i b i d ) .
Thus, from (4 .3 ) o r (4 .4 ) ,  th e  s e n s i t i v i t y  to  a change o f 
d e n s ity  <5p i s  g iv en , a f t e r  d i f f e r e n t i a t i o n ,  a s :
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I t  i s  in te r e s t in g  to  compare th i s  r e s u l t  w ith  th e  co rrespond ing  
eq u a tio n  fo r  the  change o f re so n an t frequency in  a tuned c a v ity  
by a plasm a column. For a c a v ity  re so n a tin g  in  th e  raode, the
change o f frequency i s  g iven  by ( r e f  32)
M  < 2 ( | \ 2 ;'ap\ 2 (4 - 6)
u>0 VP-i j
where R and a a re  r a d i i  o f th e  c a v ity  and column r e s p e c t iv e ly .
Thus th e  s e n s i t i v i t y  to  f lu c tu a t io n s  is
2 2
<5o) < 2 f aV  /w _\“ ft, n\
ho i v n.)
O  * t
ty p ic a l  v a lu e s  m ight be a/R  * 0 .1 ,  cuAo^  * 2 ,  so th a t :
<So3 < f 1 i 5n ( 4 .o .)
« 0 1 2 0 0 / n
i . e .  a s e n s i t i v i t y  100 tim es sm a lle r than  eq u a tio n  (4 .5 )  g iv e s .
The systmm i s  n o t q u ite  as good as th i s  e x p re ss io n  in d ic a te s ,
however, as th e  Q o f a c a v ity  m ight be as h igh  as 1 ,000 w h ils t
th a t  o f th e  s t r i p - l i n e  (w/v where \> i s  th e  e le c t ro n - n e u tr a l
c o l l i s i o n  frequency) i s  as low as 100. N e v e rth e le s s , th e  s t r i p -
l in e  d e te c to r  should be a t  l e a s t  as s e n s i t iv e  as  a h ig h  Q cav ity .
w ith o u t th e  l a t t e r f s l im i ta t io n .
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The d e te c to r  used was co n s tru c te d  from a 2 .5  cms wide 
b ra s s  s t r i p  p ass in g  over th e  d isch a rg e  tuba a t  a 3 cms. r a d iu s .
The n o n -ea rth ed  s id e  p a ss in g  beneath  th e  tube was o f reduced 
w id th  (0 .5  cms) to  improve th e  s p a t i a l  r e s o lu t io n .  Connection 
to  th e  s t r i p  was by N type so c k e ts , th e  o u tp u t s id e  c a rry in g  a c r y s ta l  
d e te c to r .T h e  s t r i p - l i n e  assem bly i s  .show in  F ig  10.
A G eneral Radio o s c i l l a t o r  covering  250-950 MHZ fed  th e  
l in e  and was tuned to  a frequency co rrespond ing  to  maximum ab so rb - 
t io n  o f power by th e  p lasm a. There were g e n e ra l ly ,  fo u r p ro ­
nounced d ip s  in  power due to  d i f f e r e n t  modes o f resonance , 
th e  b ig g e s t  be ing  between 850 and 950 MHZ depending upon the  
d isch a rg e  c u rre n t and p re s s u re ;  no ’resonances* being  o b ta in ed  
when th e  d isch a rg e  was e x tin g u ish e d . Having d e te c te d  th e  plasm a 
m o d u la tion , a  s l i g h t  ad justm ent o f th e  o s c i l l a t o r  frequency enabled  
d i s to r t i o n  o f th e  s ig n a l to  be reduced to  a minimum.
4 .1  Measurement o f th e  e le c tro n  tem peratu re
I t  i s  ap p aren t from th e  th e o ry , th a t  tem pera tu re  has a 
marked e f f e c t  upon th e  d is p e r s io n  or a c o u s tic  wave, bo th  from 
th e  a sp e c t o f th e  asym ptotic phase v e lo c i ty  and th e  in f lu e n c e  
o f stream  c o l l i s io n s  w ith  n e u tr a l  atoms and th e  w a ll lo s s e s .  Thus 
a c o r r e la t io n  o f plasm a tem pera tu re  w ith  ex p erim en ta l r e s u l t s  i s  
n e c e ssa ry .
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By m anually p lo t t in g  th e  v o lta g e -c u r re n t  
c h a r a c te r i s t i c s  o f th e  Langnuir Double P robe, an a p p ro p r ia te  
curve could  be o b ta in e d . However, i t  was no t p o s s ib le  to  cover 
th e  n ecessa ry  v o lta g e  range in  le s s  than  h a l f  an h ou r, by which 
tim e th e  system  could have c h a n g e d .s u f f ic ie n tly  fo r  th e  curve 
to  be unsymmetric and irrep ro d u c5 .b le . I t  was d ec id ed , th e r e f o r e ,  
to  sweep th e  v o lta g e  a u to m a tic a lly , re c o rd in g  th e  probe v o lta g e  
and c u r re n t  on a Honeywell X -  Y pen re c o rd e r .
A c i r c u i t  o f th e  sw eep -generatc r i s  shorn in  F ig  11. A 
c o n s ta n t c u r re n t supply  charges d ie  c a p a c ito r  whose v o lta g e  
r i s e s  to  a le v e l  p re -d e te m in e d  by th e  30 v o l t  Zener d io d e . In  
th i s  way, a l in e a r  o u tp u t o f 0-30 v o l t s  i s  o b ta in e d . Ey 
re fe re n c e  to  a l in e  v o lta g e  of 15 v o l t s ,  th e  o u tp u t v a r ie s  
from -15 to  +15 v o l t s .  By a l te r in g  th e  charg ing  c u r r e n t ,  th e  
sweep tim e can be v a r ie d  over any s u i ta b le  p e rio d  e .g .  1-60 se c s .
T ypical ex p erim en ta l r e s u l t s  o b ta in ed  a re  shown in  F ig  12. 
T races o b ta in ed  a t  d i f f e r e n t  p re s su re s  being  d isp la c e d  along 
th e  c u r re n t  a x is  fo r  c l a r i t y .  In  F ig  13, th e  fu n c tio n y  o f 
eq u a tio n  (3 .16 ) i s  p lo t te d  a g a in s t  th e  d i f f e r e n t i a l  probe v o lta g e  
I t  i s  o f i n t e r e s t  to  n o te  th a t  th e  s t r a ig h tn e s s  o f th i s  l in e  
th rough  th e  o r ig in  (V^ = 0 ) i s  a s e n s i t iv e  in d ic a t io n  o f a 
M axwellian d i s t r ib u t io n  o f v e lo c i t i e s  amongst th e  low energy 
e le c t r o n s .  From tjie  s lo p e  o f t h i s  l i n e ,  th e  tem pera tu re  T^ i s  
c a lc u la te d ,  as fo llo w s:
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Since from equation (3 .16)
-0V . + Log a * Log xd e e
* Log 10 Log x (A. 9)e ft>
th en  fo r  two p o in ts  t,V, and1 1  2 2
-0  (Vx ~ V2) * Log^lO (Log1QT1 “ Log1QT2) (4 .10 )
» 2.30258 Log^^(x^/T2) (4 .11 )
Thus i f  Lo§xo^Tl ^ Tl^  (2.30258) 1 o r ( t ^ / t ^ )
■ 2 .7 1 8 , then
(11,600) (Vj -  V2) -  Te (4 .1 2 )
R e fe rrin g  to  F ig  13, one needs only  to  read  o f f  th e  d i f f e r e n t i a l  
v o lta g e  co rrespond ing  to  t  = 1 and t=  2 .7 1 8 . S u b s t i tu t io n  o f  
th e se  v a lu e s  in  (4 .12 ) g iv es  th e  param eter T^.
The therm al v e lo c i ty  V i s  th en  g iven  by
Vt  * (yKTe /Me )* (4 .1 3 )
where y i s  3 , 2 , o r 5 /3  fo r  1 - , 2 - o r 3 -d im ensional a d ia b a tic
com pression , o r 1 fo r  iso th e rm a l com pression . The v a lu e  o f y
a p p ro p r ia te  to  t h i s  type of d isch a rg e  seems open to  c o n je c tu re , 
some a u th o rs  u s in g  3 , and o th e rs  2; indeed I rv in g  Langmuir 
c o n s is te n t ly  used th e  q u a n tity
V * (8ICT /itM )* (4 .14 )
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in  h is  work ’ S tu d ies  o f e l e c t r i c  d isch a rg e s  in  Gases a t  low 
p r e s s u re s ’ . Recent in v e s t ig a t io n s  have la rg e ly  supported  the  
Y * 1 m odel. At any r a t e ,  as we s h a l l  be in te r e s t e d ,  p r im a r i ly , 
in  th e  maximum l ik e ly  value  o f V , we can s a fe ly  suppose th a t  i t  
w i l l  be l e s s  th an  th a t  g iven  by y « 3.
Over th e  c u rre n t range 50 -  300mA a t  c o n s ta n t p re s s u re ,
no s y s te m a t ic  change in  e le c tro n  tem pera tu re  was d e te c te d . 
However, an in c re a s in g  p re s su re  fo r  c o n s ta n t c u r re n t had th e  
e f f e c t  o f low ering  th e  e le c tro n  tem p e ra tu re . These r e s u l t s  a re  
in  agreem ent w ith  th o se  re p o rte d  by Langmuir in  which th e  
e le c tro n  tem p era tu re  decreased  slow ly as th e  p re s su re  ro se  to  
about 1 mm and than  dropped q u ite  sh a rp ly .
In  F ig  14 can be seen th e  r e s u l t s  fo r  e le c tro n  therm al
v e lo c i t i e s  as a fu n c tio n  o f p re s s u re .
.2 Measurement o f th e  plasm a frequency
I s o la te d  m easurements o f th e  plasm a resonance  frequency 
were found to  be in c o n s is te n t  w ith  each o th e r  due to  th e  e r r o r s  
in c u rre d  in  read in g  th e  o s c i l l a t o r  frequency, th e  P ir a n i  vacuum 
guage, th e  two c u r re n t  l e v e l s ,  and th e  a c tu a l  assessm ent o f 
resonance a t  peak c u r r e n t .  However, th e  fo llo w in g  techn ique  
produced r e s u l t s  which when r e la te d  to  one o f th e  v a r ia b le s  
e .g .  p re s s u re , gave smooth cu rves w ith  an a cc e p tab ly  sm all 
s c a t t e r  o f p o in ts .
-  67 -
01 TORR
F ig . 14
68 -
For a s p e c i f ic  p re s s u re , th e  o s c i l l a t o r  was tuned from 3,03)
to  2,350 MHZ in  50 MHZ increm ents and th e  c u rre n t was a d ju s te d  a t
each s tep  to  g ive  a reso n an ce . The c u r re n ts  ( d .c .  and m odulated)
were re c o rd ed , and th e  o b se rv a tio n s  re p e a te d  in  th e  re v e rse
d i r e c t io n .  The scan was made fo u r t i n e s ,  in  g en e ra l so th a t  some
f i f t y  odd p o in ts  were o b ta in e d . Provided th a t  th e  e le c tro n  d r i f t
v e lo c i ty  rem ains c o n s ta n t over th e  c u rre n t range in v e s t ig a te d ,
th en  a p lo t  o f resonance c u rre n t as a fu n c tio n  o f th e  square  o f
th e  o s c i l l a t o r  frequency  should g ive a s t r a ig h t  l i n e .  A
2s t a s t i 6 t i c a l  averag ing  o f th e  c u rre n t- ( f re q u e n c y )  r e s u l t s  to  
g ive  a l e a s t  mean square d e v ia t io n  was used to  y ie ld  th e  ’b e s t  
s t r a ig h t  l in e * .  A ty p ic a l  s e t  o f p o in ts  and th e  averaged 
r e s u l t s  i s  shown in  F ig  15.
By re p e a tin g  th i s  tech n iq u e  a t  o th e r  p re s s u re s ,  a re so n an ce- 
fraquency  v e rsu s  p re s su re  graph fo r  c o n s ta n t c u r re n t could  be 
b u i l t - u p .
Measurements below about 2 .3  GHZ were n o t p ra c t ic a b le  
w ith  th i s  system  owing to  th e  low s ig n a l  le v e l  tra n s m itte d  
th rough  th e  S-band waveguide as a r e s u l t  o f approaching  c u t - o f f  
(2 .078 GHZ) and th e  low e f f ic ie n c y  of th e  tra n s fo rm e rs  and co u p le rs  
in  th i s  ran g e . However, by u s in g  th e  s t r i p - l i n e  p re v io u s ly  
m entioned in  co n n ec tio n  w ith  plasm a wave d e te c t io n ,  resonances 
could be found as low as 600 MHZ. I t  i s  com plicated  and u n re l ia b le
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to  c a lc u la te  th e  resonance resp o n ses  o f a s t r i p - l i n e ,  so having 
found th e  frequency-p r.essu re  v a r ia t io n  o f th e  s t r i p  l in e  resonance 
fo r  c o n s ta n t c u r r e n t ,  th e  r e s u l t in g  curve was sca led  to  f i t  
th e  same c o n s ta n t c u r re n t  waveguide resonance curve where th e  
p re s su re  v a lu es  o v e rlap p ed . Hence th e  p lasm a-frequency : 
p re s su re  cu rv es  were extended to  q u ite  low fre q u e n c ie s . F ig  16 
shows th e  extended resonance curves as  a fu n c tio n  p re s s u re .
The X 's  co rrespond  to  th e  r e s u l t s  o f th e  waveguide re so n an ces , and 
th e  con tinuous l in e s  a re  th o se  o b ta in ed  by th e  s t r i p - l i n e ,  
a t  low er f re q u e n c ie s .
As p re v io u s ly  shown (eq u a tio n  (14) Appendix IV) th e  re so n ­
ance c o n d itio n  o f a plasm a column co n ta in ed  in  a g la s s  tu b e ,
p e r m i t t iv i ty  e , i s  g iven  by:
8
%  “  1 + ^ j (gg * ‘ o* ~ g2 (ea ~ eo ) \  (4
£ ° ! (eg + £o ) + “ Z (eS "  eo) j
^ 2 ? where e has been re p la ce d  by (1 -  ta /w ')  
p P
As th e  g la s s  w a ll becomes th ic k e r ,  a 0 , th en  n a tu r a l ly  
th e  e f f e c t  o f th e  media surround ing  th e  plasm a behaves more c lo se ly
to  one o f p e r m i t t iv i ty  e • F ig  17 i l l u s t r a t e s  t h i s  t r e n d , and
§
g iv es  th e  frequency  n ece ssa ry  fo r  resonance  w ith  th e  plasm a as 
th e  w id th  of th e  g la s s  w a ll in c re a s e s .
For th e  purposes o f c a lc u la t io n ,u  fo r  th e  ex p erim en ta l
d isch a rg e  i s  tak en  as 0 .9  and £ as  4 .0 .  Thus th e  plasm a frequency
S
i s  r e la te d  to  th e  waveguide resonance  frequency  by:
.15)
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F ig . 16: Resonance Frequency V ersus 1 /P .
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Having determ ined  th e  plasm a frequency and hence th e  
e le c tro n  d e n s i ty ;  n p e r c c s . :
f  2 « (8980) 2n 
P
2th en  fo r  a d isch a rg e  c u rre n t d e n s ity  I/A  amps/cm .
I  * n£ AV^
Hence, =1 (8 .1  x 107)
?e f  A
P
C a lc u la tin g  the  d r i f t - v e l o c i t i e s  co rrespond ing  to  th e
p lasm a-frequency : c u r re n t c o -o rd in a te s  g iv es  us th e  d r i f t -
v e lo c i ty :  p re s su re  r e la t io n s h ip  shoxm in  F ig  13.
The in te r e s t in g  a sp e c t o f t h i s  s e t  o f cu rves i s  th e  f a s t
r a t e  o f in c re a se  o f v e lo c i ty  fo r  p re s su re s  le s s  th an  about
0 .1  T o rr. C onven tionally  one would expec t th e  d r i f t - v e l o c i t y  to
vary  as P Follow ing Von E n g e l’ s ’ Io n ised  G ases’ :
Assuming th e  e le c tro n s  a re  moving in  a weak e l e c t r i c  f i e l d
X and th a t  they  c o l l id e  e l a s t i c a l l y  w ith  m o lecu les , lo s in g  on
2average a f r a c t io n  k o f t h e i r  mean energy me /2 .  Then i f  an 
e le c tro n ’s d r i f t - v e l o c i t y  i s  V a t  tim e t  i t  g a in s  K.E which i s
th e  d if f e r e n c e  between th a t  which i t  p ick s  up moving dx = Voll"
2and th a t  which i t  lo s e s ,  k(mc /2 )  vco] ^ d t .  Thus fo r  C »  V:
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e l e c t r o n  d r i f t  v e l o c i t i e s  v s  p r e s s u r e  j  c o n s t , c u r r e n t
32
30 1300 , iOO mA
28
27
asr
23
600
20
V -  a / p  ( CLASSI C* ! )
10
a 13104 s 7 It3 6O
F ig . 18: E le c tro n  D r i f t  V e lo c ity  V ersus 1/P
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V *  (ex/mc) X (4 .19)
and,
d(mc2 /2 ) * eXVdt -  k(mc2 /2)(C/X  ) d t  (4 .20 )
where X i s  th e  e le c tro n  m .f .p .  e x
On s u b s t i tu t in g  fo r  V from (4 .1 9 ) , eq u a tio n  (4 .2 0 ) can 
be in te g ra te d  by p a r t s .  With y ® C/C^ -  C when t  -> 00 :
t /x  = 1/2 log  (1 + y ) / ( l  -  y) -  ta n  1y (4 .2 1 )
where x i s  a tim e c o n s ta n t, such th a t
t /x  = ( 1 /2 )  ^ ( ra /e d  (k )4 / 3 (X /X )‘ (4 .2 2 ) iG
when t  * x , C * "94% . whence p u t t in g  (4 .20 ) ■ 0
= (2 /k ) “ ( e /a )   ^ (XX ) 40
Thus, from (4 .1 9 )% 1
■= (e/m.) hk/2)* (X X ^  j
= A (X/Pr (4 .2 3 ) i
'
The d o tte d  l in e  la b e l le d  c l a s s i c a l  shows th e  r a t e  o f
t
in c re a se  p re d ic te d  by e q u a tio n  (4 .2 3 ) .  However, we cannot [
reaso n ab ly  expec t correspondence between th i s  r e s u l t  and p r a c t ic e  
above c e r ta in  f i e ld /p r e s s u r e  v a lu e s  e .g .  X/F > "1 volt/cm /^m .H g. 
fo r  neon, s in ce  i n e l a s t i c  c o l l i s io n s  become e f f e c t iv e .
I f  an e le c tro n  s u f f e r s  an i n e l a s t i c  c o l l i s io n  ( e .g .  by 
ach iev in g  th e  f i r s t  e x ic t a t io n  p o te n t ia l  o f th e  n e u tr a l  atoms) 
by which i t  i s  b rought to  r e s t ,  i t  a c q u ire s  speed ag a in  by moving 
in  th e  f i e l d  d i r e c t io n  o n ly . Thus such e le c tro n s  may a t t a i n  
g re a t ly  enhanced d r i f t - v e l o c i t i e s  a t  th e  expense o f th e  random 
v e lo c i ty .
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In  N ie lso n ’ s r e p o r t  ( r e f  2&)» experim en ta l v a lu es  o f d r i f t  
v e lo c i ty  a re  g iven  fo r  v a rio u s  i n e r t  gas d is c h a rg e s . Some o f  
th e  X'/P v a lu e s  a t  which th e  d r i f t  v e lo c i ty  has been m easured, 
and th e i r  r a t i o  to  th e  p re d ic te d  v a lu es  a re :
X/P (volts/cm /fem .H g.) V^/V
HELIUM 4 1 .0
ARGON 4 1 .1
NEON 1 .5  2 .5
I t  can be seen th a t  in  Neon, th e  d r i f t - v e l o c i t i e s  d e p a r t m arkedly 
from th e  th e o r e t ic a l  v a lu e  even a t  low X/P v a lu e s .
Phelps e t . a l .  o f U estinghouse R esearch la b s  ( r e f  27) 
measured th e  d r i f t  v e lo c i ty  in  Helium a t  h ig h  X/P v a lu e s  
u sin g  a waveguide resonance techn ique  and g ive  v a lu es  
= 0 .8  x 107 c n s /s e c  fo r  X/P ■ 10
Q
and = 0 .7  x 10c cm s/sec fo r  X/P « 100
i . e .  r i s i n g  as P ^ as d id  th e  neon v a lu es  in  F ig  18.
Thus, from th e se  two experim ents o f probe m easurements 
and D a ttn e r re so n an ce , th e re  i s  ev idence th a t  w h ils t  th e  low-
energy ’e le c tro n s  obey an M axwellian d i s t r i b u t io n  o f v e l o c i t i e s ,
3correspond ing  to  a mean therm al v e lo c i ty  o f about 10 cm s/sec , 
measurement o f the  d isch a rg e  c u rre n t and e le c tro n  d e n s ity  in d ic a te  
an a x ia l  d r i f t  v e lo c i ty  o f th e  same o rd e r .  This somewhat unusual 
e f f e c t  i s  a t t r ib u te d  to  th e  e f f e c t  o f i n e l a s t i c  c o l l i s io n s  w ith
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n e u tra l  atoms and th e  tube  w a lls  in  reducing  th e  therm al tem pera tu re  
w h ils t  in c re a s in g  th e  a x ia l  d r i f t  v e lo c i ty .  I t  i s  a lso  p ro b ab le  
th a t  in  a narrow  column o f 150 cms. le n g th , only  th e  a x ia l ly  
d ire c te d  e le c tro n s  in  th e  f a s t  v e lo c i ty  t a i l  would su rv iv e  
being  l o s t  to  th e  w a lls ,  th e reb y  f u r th e r  red u c in g  th e  o v e ra l l  
tem pera tu re  below th a t  expected  a t  th e  X/P v a lu e s  en co u n te red .
4 .3  Measurement o f th e  e le c tro n  c o l l i s io n  frequency fo r  
momentum t r a n s f e r
I t  was shown in  C hapter 3 th a t  microwave r e f l e c t io n  from a 
plasm a column, mounted a c ro ss  a w aveguide, on ly  approached 100% 
a t  resonance in  th e  lo s s - f r e e  ca se , and th a t  fo r  a lo s sy  plasm a, 
th e  r e f l e c t i o n  c o e f f ic ie n t  i s  low er. Hence by m easuring th e  
tra n sm iss io n  c o e f f ic ie n t  a t  re so n an ce , a q u a n t i ta t iv e  assessm ent 
o f th e  lo s se s  should be p o s s ib le .
The p re c is e  measurement o f th e  power tra n sm iss io n  c o e f f ic ie n t
2
1T1 i s  n o t a t  a l l  e a sy , however, m  p r a c t ic e  as th e  p e rcen tag e  o f 
power tra n s m itte d  a t  resonance to  th a t  x*ith th e  plasm a e x tin g u ish ed  
tu rn s  o u t to  be o f th e  o rd e r o f  one p e r c e n t .  As th e re  i s  only  th e  
resonance response  on th e  o s c il lo sc o p e  sc reen  to  in d ic a te  th i s  
a b so rb tio n , some method o th e r  than  e s tim a tin g  th e  h e ig h t o f th e  
tr a c e s  above th e  d .c .  zero  le v e l  must be so u g h t.
Using a four-beam  p lu g - in  u n i t  (T ex tro n ix  type M), beam (1) 
was made c o - in c id e n t w ith  th e  c r y s ta l  o u tp u t le v e l  beam (2 ) a t
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maximum tra n sm is s io n . Then having e s ta b l is h e d  th e  resonance , beam 
(3) was a lig n e d  w ith  th e  minimum value  o f beam (2 ) .  The tube 
was then  e x tin g u ish e d , and by means o f c a l ib r a te d  ro ta ry  a t te n u a to r  
in  th e  waveguide system , the  le v e l  o f beam (2 ) was reduced from 
(1) u n t i l  c o in c id e n t w ith  beam (3 ) .  By n o tin g  th e  a t te n tu a t io n  
n e c e ssa ry , th e  p e rcen tag e  a b so rb tio n  cou ld  be found d i r e c t l y .
This method has th re e  advan tages; i t  avo ids c a l ib r a t in g  
th e  c r y s ta l  over th e  wide power range covered ; i t  ta k es  advantage 
o f th e  accuracy  w ith  which one can a l ig n  two t r a c e s ,  and i t  i s  
independent o f th e  g a in  and l i n e a r i t y  o f th e  o sc il lo sc o p e  
a m p li f ie r s .  However, th e re  i s  s t i l l  th e  d i f f i c u l t y  o f d .c .  
d r i f t i n g  o f th e  a m p lif ie r s .  This amounts to  an e r r o r  o f 1 
o r 2 p e r c en t d u ring  th e  tim e taken  fo r  th e  m easurem ent.
U n fo rtu n a te ly  w ith  th e  p a r t i c u la r  d isch a rg e  system  under in v e s t ig a t io n  
and th e  s iz e  o f waveguide a v a i la b le ,  th e  e r r o r s  invo lved  were 
s u f f i c i e n t ly  g re a t  to  make th e  r e s u l t s  in c o n s i s te n t .
Examining more c lo s e ly  th e  r e la t io n s h ip  betxreen th e  
q u a n t i t ie s  *Af and o f e q u a tio n  <577 ):
v = A ATr3a 2 X,,f g o
b \ o
We n o te  th a t  between 2350 MKZ and 2825 MHZ the  num erical c o e f f ic ie n t
8 n .v/A v a r ie s  from 116.4 x 10J to  115.9 x 10*' w ith  a minimum a^ouqd
o q
110.4 x 10 a t  2550 M c/s. Thus fo r  v » 1 0 ',  A has to  be o f th e  
o rd e r o f 0 .1 ,  co rrespond ing  to  20 dBs power a t t e n tu a t io n .  B ryant
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9( r e f  22) used waveguide 3 , For th e  same v a lu es  v * 10 and f  = 2500MKZ, 
A would he 0 .2 2 , co rrespond ing  to  14.6 dB’ s a t te n u a t io n ,  o r 96.5% 
a b so rb tio n .
In  o rd e r to  make a cc u ra te  m easurem ents, o f c o l l i s io n  freq u en cy ,
th e  column ra d iu s  must be sm all in  com parison w ith  th e  narrow  dimen-
2s io n  o f th e  waveguide, and to  keep A /A to  a minimum, th e  guideg o
must be wide enough fo r  f  to  be f a r  removed from c u t - o f f .  N e ith e r
o f th e se  c o n d itio n s  was s a t i s f i e d  in  th e  system  u sed . The experim ent
. . . 8d id , however, in d ic a te  th a t  th e  c o l l i s io n  r a t e  was between 10 and
910"' p e r  second th roughou t th e  range o f o b se rv a tio n .
V alues o f v have been c a lc u la te d  by s u b s t i tu t io n  o f th e  
ex p erim en ta l v a lu es  o f d r i f t  and therm al v e lo c it5 .es  in to  th e  
t h e o r e t ic a l  form ula d e riv ed  in  C h a p te r^  (e q u a tio n ^ #2.0 F ig l4  
shows th e se  v a lu e s , fo r  bo th  e le c tro n s  and ions , as a fu n c tio n  o f 
p re s s u re .
4 .4  Measurement o f th e  phase v e lo c i ty  o f the  p ropagated  s ig n a l
For v a lu es  o f p re s su re  o f  30, 50, 70 and 90 m icrons (Hg) and 
d isch a rg e  c u r re n ts  o f 25, 50, 75 and 100 mA, phase d e lay  v e rsu s  
d is ta n c e  graphs were p lo t te d  a t  f req u e n c ie s  between 35 and 150 KKZ.
R esu lts  o f one p re s su re  : c u r re n t com bination a re  shown on 
F ig  19, T y p ic a lly , th e  wave was e x c ite d  a t  a minimum frequency  
o f about 40 kEZ. Below th i s  frequency no co h eren t s ig n a l was 
d e te c ta b le ,  b u t as th e  frequency was r a is e d ,  a  r a th e r  sp iky  waveform
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a b ru p tly  appeared w ith  th e  s ig n a l o s c i l l a t o r  freq u en cy . I t  xros 
o f la rg e  am plitude , re p re se n tin g  some 80% m odulation  o f the  
s t r i p - l i n e  in p u t power. As th e  s t r i p - l i n e  xros moved axroy from 
th e  g r id s  and towards the  anode, th e  o sc il lo sc o p e  p a t te r n  of 
th e  d e te c te d  s ig n a l s l i d  p a s t  th e  re fe re n c e  t r a c e .  By re co rd in g  
th e  s e p a ra tio n s  correspond ing  w ith  h a lf -p e r io d  d e la y s , the  
w avelength o f th e  p ropagated  s ig n a l was o b ta in e d . As th e  frequency 
x\ras in c re a se d  from th e  minimum v a lu e  , th e re  was a re g io n  o f 5 -  10 
KHZ, over which th e  s ig n a l became in c o h eren t and no measurements 
were p o s s ib le .  At about 50 KaZ, th e  s ig n a l  reappeared  w ith  an 
ap p re c ia b ly  lo n g e r w aveleng th . As th e  frequency xros in c re a se d  
f u r th e r ,  th e  w avelength in c re a se d  le s s  r a p id ly  u n t i l  about 70 o r 
80 KHZ i t  was e s s e n t i a l ly  c o n s ta n t, A s ig n a l was d e te c ta b le  up to  
about 120 KHZ, a f t e r  which coherence was l o s t  a f t e r  tiro w avelengths 
and s a t i s f a c to r y  m easurements were n o t p o s s ib le .  The am plitude o f 
th e  h ig h e s t  frequency waves was much reduced (" 1 / 1 0 ) due to  th e  
incoherence  and a lso  to  the  decreased  e f f ic ie n c y  o f th e  m odulating  
g r i d s .
On p la c in g  a s t r i p - l i n e  on th e  cathode s id e  o f th e  g r id s ,  a 
s ig n a l  was d e te c ta b le  only  when th e  s e p a ra tio n  was as sm all as 
2 - 3  cms. Being so c lo s e , th i s  s ig n a l was swamped by d i r e c t  
coup ling  betxroen th e  source and d e te c to r  and m an ifested  i t s e l f  
on ly  as a sm all d i s to r t i o n  o f th e  in -p h ase  s ig n a l .
From th e  p h ase -d e lay  v ersu s  d is ta n c e  g ra d ie n ts  a t  d i f f e r e n t  
f re q u e n c ie s , frequency ; wavenumber c o -o rd in a te s  were o b ta in ed  
and hence the  d is p e rs io n  curves shown in  F ig s  20, 21 and 22.
F ig  20 shows the  e f f e c t  o f  v a ry in g  the  d isch a rg e  c u rre n t 
w h ils t  m a in ta in in g  a c o n s ta n t p re s su re  w h ils t  in  F ig s  21 and 22 
the  c u r re n t  i s  c o n s ta n t a t  50 mA and 100 mA r e s p e c t iv e ly ,  and the 
d is p e r s io n  cu rves fo r  the  v a rio u s  p re s su re s  a re  shown.
A few p o in ts  may be no ted  from th e se  g rap h s . F i r s t l y  
p e rh a p s , th e  most s ig n i f ic a n t  f a c to r  i s  th a t  as th e  frequency  i s  
in c re a s e d , th e  w avelength o f  th e  p ropagated  s ig n a l  g e ts  lo n g e r .
This type o f d is p e r s io n  i s  u s u a lly  c a l le d  ’backw ard’ . The phase 
and group v e lo c i t i e s  having  o p p o s ite  s ig n s . Secondly, th e  
p ropagated  s ig n a l  can on ly  be d e te c te d  over a f i n i t e  frequency  
band. T h ird ly  th e  d is p e r s io n  c h a r a c te r i s t i c s  a re  much le s s  e f fe c te d  
by changes o f c u r re n t  than  p re s s u re ,  which may in d ic a te  t h e i r  
dependency upon th e  e le c tro n  d r i f t  v e lo c i ty .
With th e  d e te c to r  s e n s i t i .v i ty  s e t  fo r  o b serv in g  th e  pro™ 
pagated  s ig n a l ,  th e re  was very  l i t t l e  n o ise  and no ev idence o f 
s t r i a t i o n s .  In  a d d i t io n ,  th e re  was n e g l ig ib le  tim e j i t t e r  
betw een th e  d isp lay ed  t r a c e s  and th e  accuracy  o f  the  w avelength 
measurem ents was determ ined  p r im a r i ly  by th e  s e t t in g  o f th e  probe 
c a r r ia g e .  This was g e n e ra lly  as good as 2 mM. in  40ons. ,  g iv in g  
an e f f e c t iv e  accuracy  o f  1%.
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C H A P T E R  V
T h e o re tic a l Res u i t s
5 .1  The col l i s i o n  f r e e  plasma
Before exam ining in  d e t a i l  th e  d is p e r s io n  s o lu tio n s  fo r  a 
lo s sy  e le c tro n  io n  medium, l e t  us c o n s id e r th e  r e s u l t s  o b ta in ed  
by p u t t in g  th e  e le c t r o n - n e u tr a l  and io n -n e u tra l  c o l l i s io n  
freq u e n c ie s  to  z e ro . The d is p e rs io n  r e l a t io n s h ip , in  an i n f i n i t e  
medium., becom es?
+ “i  ,  -  1 (5 .1 )
(w± kU ) 2 -k 2V 2 (w± kV ) 2 ~k2V 2o t i  o t 2
(n o ta tio n  as p re v io u s ly  employed* c . f .  ch 2 (2 , 1 0 ))
For low a) v a lu es  (w << U k ) 9 th i s  e q u a tio n  can be w ritte n ?
1 = 0) 2/ k 2 (U 2 -  V 2) + o).2 io 2 + k2 (V 2 -  V 2 ) -2k  V oA (5 .2 ) e /  o t i  i  f \  o t 2 °  °  /
o r j
o)2 + k2 (V 2 -  V 2) -  2V ko) = to.2k2 (U 2 -  V 2 ) / f k 2 (U 2-V 2 )~we :o t 2 o l  o t i  L  o t i  ' e
(5 .3 )
f o r  0) 2 >> (U - V .  *")k2 s and n = n . . e o t j  e i
(w/k) 2 -  2V (u /k ) + (V 2 * V 2 ) + (IT 2 -  V 2 ) ('1 / ' { )  * 0 O o t 2 O t£  1 I
(5 .4 )
thus s
2 2 „  .  1  i(w/k) = V ± o Vt 2 (Uo Vt i 2) J (5 .5 )
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Acoust i c  inode
For v a lu es  U < V ,, th e  square  b rack e ted  term  in  eq u atio n  o t i  -
(5 ,5 ) i s  p o s i t iv e ,  and r e a l  v a lu e  s o lu tio n s  o f wavenumber a re
o b ta in e d .
For zero  e le c tro n  d r i f t ,  TJ = 0 ,o
^  i
<«/B> = Vo ± |v t  2 + V 2 (5 .6 )
'w f .
fo r  T »  T. „ e l
(to/0) -  V ± (KT /1 L )*  ( 5 . 7 )
O 6  4
i . e .  The D c p p le r -sh if ta d  Ion -A coustic  mode o f e q u a tio n  ( 1 .9 ) .
Ion Beam mode
As th e  e le c tro n  d r i f t  v e lo c i ty  IT i s  in c re a se d  from z e ro .
0
th e  b rack e ted  term  d e c re a se s , becoming zero  when th e  e le c tro n  d r i f t  
and therm al v e lo c i t i e s  a re  o f th e  same m agnitude. Under th e se  
c ircu m stan ces , d e n s ity  p e r tu rb a tio n s  o f th e  ions a re  p ropagated  
p u re ly  by th e  io n  s tream .
In s t a b i l i ty
F u r th e r  in c re a se  o f th e  e le c tro n  stream  v e lo c i ty  causes th e  
b rack e ted  term  to  become n e g a tiv e  so th a t  (w/k) i s  complex . For 
r e a l  w v a lu e s , k i s  complex and i n s t a b i l i t y  a r i s e s .
-  37 -
For T » T ^ ,  the  c o n d itio n  fo r  i n s t a b i l i t y  i s  
seen  to  be Uo > V Bohm and Gross ( r e f  8 ) ,  in te r p r e te d  t h i s  type
o f  i n s t a b i l i t y  as due to  5 t r a p p in g 5. T h e ir e x ac t a n a ly s is  in v o lv es  
th e  use o f n o n - l in e a r  m athem atics and i s  p r o h ib i t iv e ly  com plica ted . 
However, th e  e f f e c t  may be in te rp re te d  as  fo llow s?
The e le c tro n  beam c o n s is ts  o f charges o s c i l l a t i n g  c o l le c t iv e ly  
a t  some c h a r a c te r i s t i c  frequency  and hav ing  a d ire c te d  v e lo c i ty  
Uq . The r e s u l t in g  plasm a wave i s  c h a ra c te r is e d  by a wavenumber 
V  g iven  by
y uo -  ^
S im ila r ly , th e  tem pera tu re  o f th e se  charges i s  a s s o c ia te d  w ith  a 
c h a r a c t e r i s t i c  wavenumber IC^  g iven  bys
y v t  = *d
(where i s  th e  Debye wavenumber)
When Uq i s  in c re a se d  to  such a v a lu e  th a t  z  then  th e  charges 
o s c i l l a t e  back and fo r th  in  th e  p o te n t ia l  tro u g h  o f  th e  space 
charge wave. Bohm and Gross showed th a t  th e  e le c tro n s  tend  to  
c o n c e n tra te  a t  th e  p o in ts  o f maximum e l e c t r i c  p o t e n t i a l ,  so th a t  
bunching o c c u rs . I n te r a c t io n  w ith  th e  io n s  o f the  plasm a 
causes n o n -co n v ec tiv e  i n s t a b i l i t y  when Vq = 0 , and co n jugate  grow­
in g  and decaying wave s o lu tio n s  when V i s  f i n i t e .
88
In  F ig  23 a re  shown th e  v a rio u s  modes o b ta in ed  in  s o lu tio n  o f 
th e  d is p e rs io n  equation* There a re  th e  Doppler s h i f te d  e le c tro n  
space- charge waves,
* ♦xe ' ~e'
The ion  waves
V , = (Kt /M V ± TJ pn A  e o
V , * (KT./M,)^±- V ph 1 v  -r o
and th e  p a i r  o f waves co rrespond ing  to  s o lu tio n s  o f (5 . 2 ) 
c a l le d  th e  e le c tro n - io n  o r  E l  modes.
As the  e le c tro n  d r i f t  v e lo c i ty  i s  in c re a s e d 5 th e
5E~I modes converge on th e  lo n -s tre a m  v e lo c i ty  asym ptote (V » 2 .0  x 10
. cras/sec in  th i s  exam ple). In  F ig  24 th e se  modes p ropagate  j u s t
above and below th e  ion™stream v e lo c i ty .
F u r th e r  in c re a se  in  U g iv es  r i s e  to  a p a i r  o f con jugate
r o o t s • In  F ig  25 th e  E---I modes a re  shown fo r  v a rio u s  v a lu es  of U .o
The tra n s fo rm a tio n  from a wave moving a t  th e  ion~ stream  v e lo c i ty  
to  a f a s t  e le c t ro n  beam wave i s  showns and th e  co n jugate  grow th/ 
lo s s  f a c to r s  a re  in c lu d ed  a t  one freq u en cy .
S u ccessfu l s u b s t i tu t io n  o f th e  a p p ro p ria te  computed q u a n t i t ie s  
( ij3 ,a  in to  th e  c o l l i s io n le s s  d is p e r s io n  e q u a tio n  (5 .5 )  w i l l  serve  
as a check o f  th e  method o f seek ing  ro o ts  in  th e  more com plicated  
e q u a tio n  (2 .2 6 ) and j u s t i f y  th e  use o f th e  approx im ation  (5 .5 ) 
to  d e sc r ib e  a c o l l i s io n le s s  system .
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W riting  K as 3 + ja  so th a t  th e  p ro p ag a tio n  term  becomes
(wt + 3z) . cs .e e 3 eq u a tio n  (5 .5 )  becomes^
<o (6 -  ja )  -  v ± j j(IJ 2 ~ V 2)(M1/M„) -  .V. 2 T 2— 9  9“- o 1 o ti 1 2
(oT + 3 ) J
o r ; in  te rn s  o f r e a l  and im aginary
_  0)3 _  = V and (5=9). . . . .  o
(a + r )
(5 .8 )
+ - 2 ^ .. 2v , , _ _ 2 j (5 .10 ) rna = ~ j(U„~ -  ) It, /M0 -  V
9~ O' "
(a + 3 )
8 SComputed s o lu tio n s  fo r  U = 1 .0  x 10~, V =* 2 .0  x 10 9 T =o o 3 e
0 .25  x 105 and Th = 2 ,000OK are  3 = 0 .3 5 , a = 0.57 when 
6w = 0.25 x 10 , g iv in g c
0)3/(a2 + 32) = 0.196 x IQ15 and ao)/(a2 + 32) “ 0.3185 x 105
compared w ith ;
V = 0 .2  x 105 and o 2 • • V 2)(M /M ) -  V 2 I " ° s32°  X 10 o t! 1 2 t2 j
5
The g ro w th /lo ss  mechanism encoun tered  in  th i s  model i s  known 
a s 'R e a c tiv e  Medium I n s t a b i l i t y 5.
R eac tive  Medium In s ta b i l i t y
The d is p e r s io n  eq u a tio n  fo r  an io n -s tre am  p a ss in g  th rough 
an e le c tro n  plasm a o f d i e l e c t r i c  c o e f f ic ie n t  e i s ,  in  i t s  most b a s ic  
form g iven  b y !
2
,__“i __  = e (5.11)
(w+kV ) 2 o
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2 2where m  a co ld  d r x f t l e s s  p lasm a, e * l “ (w /w )= Thus fo r  
(o < the  ro o ts  g iven  by ^m k < 0 r e p r e s e n t s  growing wave s o lu t io n  in
th e  +ve z d i r e c t io n .  Expressed in  an more g en era l form.
k = w ± W./V
r =~~ 1  OTT   t.. Y ,
o J  e(k,aj) (5 .12 )
Growth a s s o c ia te d  w ith  a n e g a tiv e  d i e l e c t r i c  i s  known as 
r e a c t iv e  medium i n s t a b i l i t y .  P h y s ic a l ly  i t  co rresponds to  th e  
fo rce  between l ik e  charges being  a t t r a c t i v e  r a th e r  than  re p u ls iv e  
( e .g .  the  e le c tro n  bunch), thus g iv in g  r i s e  to  th e  i n s t a b i l i t y .
R e s is t iv e  Medium I n s t a b i l i t y
I n s t a b i l i t y  can a lso  occur when c o l l i s io n a l  term s a re  in c luded  
in  e (k ,a 0 , making i t  complex. This type o f growth is  knoxra as 
r e s i s t i v e  medium i n s t a b i l i t y  and occurs  when a slow space-charge  
wave in te r a c t s  w ith  a lo ssy  medium o r  s t r u c tu r e ,  ( r e f s  B i r d s a l l ,  Brewer 
and E asff (28) ) .
Follow ing th e  o r ig in a l  paper by B i r d s a l l ,  th e  au th o rs  observed 
th a t  th e  space charge waves in  a lo ssy  medium can be c lo s e ly  r e la te d  
to  th e  o rd in a ry  waves in  empty space w ith  which one i s  f a m il ia r  
th rough th e  work o f Hahm and Ramo. For a one-d im ensional m odel. the 
p ro p ag a tio n  c o n s ta n ts  a re  u s u a lly  w r i t te n  a s ;
3 = 3 ± 3 . (5 .13 )e ' p
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(where wave s o lu tio n s  a re  o f th e  type exp j  (cot -  p z ),
3 -  w/U s th e  stream  wave number,e o
and 3 = w /U ■ th e  plasm a wave number,p p o
re p re se n tin g  two u n a tten u a ted  w aves.
In  th e  r e s i s t i v e  medium model, th e  p ro p ag a tio n  c o n s ta n ts
a re  s im ila r  d i f f e r in g  on ly  in  th a t  e in  the  e x p re ss io n  fo r  3
® P
i s  re p la c e d  by sq which i s  a complex q u a n tity  accoun ting  fo r  the  
c o n d u c tiv ity  o f th e  volume shared  by th e  s tream  and th e  medium., 
These waves a re  ch arac te ris fced  by-:
The p o s i t iv e  cho ice  of s ig n  co rresponds w ith  3 having a p o s i t iv e  
im aginary p a r t ,  r e p re se n tin g  growth in  th e  p o s i t iv e  z -* d irec tio n  
and a r e a l  p a r t  g r e a te r  th an  30 in d ic a t in g  a phase v e lo c i ty  sm alle r 
than  th e  average stream  v e lo c ity ., The n e g a tiv e  s ig n  th en  re p re s e n ts  
a decaying wave xd.th a v e lo c i ty  g re a te r  than  so th a t  th i s  x^ave 
g iv es  energy to  th e  s tream .
I t  i s  o f i n t e r e s t  to  no te  th a t  d i f f e r e n t i a t i o n  o f eq u a tio n  
(5c15) v . r . t .  o shov/s th e  growth r a te  i s  a maximum when
f a l l i n g  to  zero  fo r  la rg e  o r sm all v a lu e s  o f a ? im plying th a t  
a lthough  c o l l i s io n a l  lo s s  i s  a n e ce ssa ry  c o n d itio n  fo r  grow th, 
i n s t a b i l i t y  i s  only  e f f e c t iv e  over some f i n i t e  range o f v a lu e s .
(5 .14)
(5 .15 )
we e0 /a  -  1 //1 T  ~ 0.578o l (5 .16 )
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For an e le c t r o n - io n - n e u tr a l  medium d esc rib e d  by eq u a tio n s  
in v o lv in g  tem p e ra tu re , d r i f t  and c o l l i s i o n s ,  the  q u a n ti ty  o 
i s  a fu n c tio n  o f  b o th  frequency  and th e  complex wave-number. I t  
i s  n o t p o s s ib le ,  th e re fo re ,  to  o b ta in  a sim ple e x p re ss io n  p re d ic t in g  
the  c o n d itio n s  fo r  maximum growth r a t e  o f  th e  e le c tro n  d r i f t  wave. 
However, th e  num erical r e s u l t s  p re sen te d  h e re  do show how, in  an 
analogous manner as th e  r a t i o  o f th e  im aginary to  th e  r e a l  p a r t s  
o f th e  p e r m i t t iv i ty  i s  in c re a s e d ,  the  growth f a c to r  o f  th e  d r i f t  
wave a t  a p a r t i c u l a r  frequency  p asse s  th rough  a maximum v a lu e .
In  o rd e r  to  fo llo w  th e  e v o lu tio n  o f  th e  growing d r i f t  wave, 
i t  i s  conven ien t to  vary  Uq9 th e  e le c tro n  d r i f t  v e lo c i ty  n o t so 
much because th e  c o l l i s io n  param eter q^ i s  a fu n c tio n  o f  Tj 9 b u t 
r a th e r  th a t  a t  loi? freq u e n c ie s  i t  i s  th e  q u a n ti ty
which has a predom inant e f f e c t  upon th e  n a tu re  o f th e  d is p e rs io n  
c u rv e s .
Num erical S o lu tio n s  to  the  D isp e rs io n  E quation  o f  a Lossy Plasma
Whereas th e  in c lu s io n  o f  io n iz a t io n  r a te s  in  th e  plasm a equa­
t io n s  would g ive  r i s e  to  d i f f e r e n t  v a lu e s  o f growth r a t e ,  th e  r e a l  
wave-numbers would be la r g e ly  u n a ffe c te d . The complex v a lu es  in  
the  fo llo w in g  s o lu tio n s  g ive an in d ic a t io n  o f  w hether th e  waves a re  
l i k e ly  to  be d e te c te d  in  p r a c t ic e .
To o b ta in  the  fo llo w in g  s o lu t io n s  to  th e  d is p e r s io n  eq u a tio n  
th e  plasm a has been d e sc rib e d  by th e se  p a ra m e te rs :
Symbol Param eter Magni t ude
—7RE le c tro n  mass 9 .1  x 10 grms
Ion (Neon) mass 10 x 1.67 x 10 ^ g rra s
T E le c tro n  tem nera tu re  25,000°Ke
T^ Ion tem pera tu re  2 S000°K
U E le c tro n  d r i f t
v e lo c i ty  See Text
V Ion d r i f t  _o » 5v e lo c i ty  2 x 10 cm s/sec
a^ e le c t r o n - n e u tr a l
atom c o l l i s io n  ^  ^
c ro ss  s e c tio n  4 .41  x 10 cms"
io n -n e u tra l  atom 
c o l l i s io n  c ro s s -  ^  ^
s e c tio n  16.56 x 10 cms
N N e u tra l atom ' , ~
°  d e n s ity  9 .93  x 10 cms
R Column ra d iu s  1 .0  cm.
I  D ischarge c u rre n t 100 mA
q^ E le c tro n  c o l l i s io n  g
 ^ frequency ~1 x 1 0 J sec
q^ Ion c o l l i s io n  ^ ^
frequency  ~5 x 10 sec
Sourc e  o f Magnitu d e  
P h y s ic a l C onstan t 
P h y s ica l C onstan t 
Measured 
L i te r a tu r e
Measured
L i te r a tu r e  (.ret *3 ) 
L i te r a tu r e  (reAr 1 *»)
L i te r a tu r e  Crel
Measured
Measured
Measured
C a lcu la ted
C alcu la ted
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The e le c tro n  d r i f t  narameter<, U „ has been v a r ie d  over a wideo
range to  i l l u s t r a t e  the  meaner in  which th e  v a rio u s  s o lu tio n s  
can appear w ith in - the  or’$ a re a  o f i n t e r e s t .  In  c e r ta in  cases,, 
lo g a rith m ic  p lo ts  covering  v a s t ly  en la rg ed  ranges have been in c lu d ed  
in  o rd e r to  see how th e se  modes a re  in te rc o u p le d 3 o r to  ga in  an 
in s ig h t  of th e  p h y s ic a l o r ig in s  o f a mode by m easuring i t s  asym pto tic  
v a lu es  o f phase v e lo c i ty  frequency , o r  wavenumber.
The s o lu tio n s  a re  now complex and co rrespond ing  w ith  th e  
n o ta t io n  p re v io u s ly  employed;, a p o s i t iv e  im aginary wavenumber in d ic a te s  
a decaying wave in  the  anode d ire c tio n ,, o r a growing wave in  th e  
cathode d i r e c t io n ,  The symbol ?0 : on th e  graphs re p re s e n ts  a p o s i t iv e  
im aginary v a lu e  and th e  f ig u re s  along s id e  i t  i t s  m agnitude. N egative 
im aginary  v a lu es  a re  re p re se n te d  by shaded c i r c l e s .
In  F ig  26,, th e  E~I modes, co rrespond ing  to  an e le c tro n  d r i f t  
g
v e lo c i ty  o f 0 .5  x 10 cms/sec. a re  shown. I t  i s  c le a r  th a t  th e  phase 
and group v e lo c i t i e s  a re  only  s l i g h t ly  d i f f e r e n t  to  those  g iven  in  
th e  c o l l i s io n - f r e e  s o lu t io n  shown by a d o tte d  l i n e .
We now have th e  a d d i t io n a l  in fo rm atio n  o f th e  g ro w th - fa c to rs , 
W hils t i t  would be unwise to  tak e  th e se  l i t e r a l l y  in  th e  case  of 
ex trem ely  h ig h  growth r a t e s ,  owing to  th e  l im i ta t io n  of a l in e a r  
th eo ry  such as we have used they  do g ive  a very  u s e fu l in s ig h t  in to  
th e  l ik e l ih o o d  o f th e se  s o lu t io n s  being  p h y s ic a lly  d e te c ta b le .
Thus, in  th i s  case , i t  can be seen th a t  th e  wave p ro p ag a tin g  in  th e  
anode d i r e c t io n  i s  only  s l i g h t l y  damped w hereas th e  cathode d ire c te d  
s o lu t io n  i s  s e v e r e ^  a t te n u a te d .
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S im ila r r e s u l t s  have been r e a l i s e d  ex p e rim en ta lly  by 
A lexeff and N eidigh ( r e f  5) and by Wong D!Angelo and M ottey 
( r e f  2 9 ). The l a t t e r  used th e i r  r e s u l t s  as a co n firm a tio n  
o f Landau damping. I t  has s in c e , been shown (B ek efi, P121 
r e f  30) th a t  when
7 * —
3Ln$ 0 ,2  where L = (KT /n e " ) s or-, ( ? /we) ij iJ e
then  Landau damping i s  in s ig n i f i c a n t .  In  t h e i r  r e p o r t  the
• -3au th o rs  g ive  th e  Debye le n g th  as ~ 10 eras, and th e i r  
phase v e lo c i ty  frequency v a lu es  correspond  to  g ?s le s s  than  l . f  
In  F ig  27 we see th a t  in c re a s in g  th e  d r i f t  v e lo c i ty  to
s0 ,6  x 10 cm s/sec r a i s e s  th e  phase v e lo c i ty  o f th e  modes
above th a t  o f th e  c o l l i s io n - f r e e  s o lu t io n ,  and in c re a s e s  the
a n iso tro p y  of th e  g ro w th --fac to rs . The anode d ire c te d  wave
5becomes a growing wave fo r  oo > 10 r a d s / s e c , ,  w h ils t  th e
a t te n u a t io n  o f th e  cathode wave i s  even more s e v e re ,
/ . /
Also shown on th i s  graph a re  two waves, (a) and (a ) ,
7bo th  lo s sy  p ro p ag a tin g  a t  v e lo c i t i e s  of about 2 ,7  x 10 cm s/sec
7
tow ards th e  cathode, and 6 ,Ox 10 cm s/sec tow ards th e  anode. 
These a re  th e  e le c t ro n  th e rm al, o r a c o u s t ic ,  waves convected 
a long  by th e  d r i f t i n g  e le c t r o n s .  In  th e  case o f th e  cathode 
d ire c te d  wave ( a ^ ) , th e  phase v e lo c i ty  i s  n e a r ly  c o n s ta n t, and 
i s  g iven  by .
I
V , ~ U ~ (KT /M Vph o e e
7
* 2 .7  x 10 cm s/sec
($".17)
(5 ,13)
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w hereas th e  anode d ire c te d  wave ( a ) ,  t r a v e ls  a t  the  s tream  v e lo c i ty
over th i s  frequency  ra n g e . By p lo t t in g  th e se  qu ad ran ts  on Log~Log
s c a le s , i t  can be seen (F igs 28 and 29, S o ls . ( a ) ,  { J )  ) th a t  as
in c re a s e s  above th e  e le c tro n  c o l l i s io n  frequency;, th e  phase v e lo c i ty
does tend  to  th a t  expected  fo r  the  f a s t  e le c tro n  a c o u s tic  wave.
w ^  U + (KT /¥. )%  o r U + IT (5 .19 )v , - ~ o  e e y o sph g
■ 1.47 x 10 cm s/sec
The reaso n  th a t  th e se  waves p ro p ag a te  a t  v e lo c i t i e s  c lo s e r  to  the  
stream  v e lo c i ty  than  th o se  p re d ic te d  fo r  a c o u s tic  waves i s  th e  e f f e c t  
o f  the  c o l l i s io n  param eter q^ . The o r ig in a l  eq u a tio n s  o f m otion were 
founded on a model in  which in  every  c o l l i s io n  a p a r t i c l e  lo se s  a l l  
the  excess  momentum o f th e  superim posed o s c i l l a t i o n .  Thus, i f  th e  excess 
momentum i s  d ire c te d  a g a in s t  th e  stream  v e lo c i ty , th e  charged p a r t i c l e  
i s  a c c e le ra te d  in  th e  s tream  d i r e c t io n .  Hence f o r  an anode d ire c te d  
wave, a c o l l i s io n  causes a lo s s  of momentum in  th a t  d i r e c t io n  and th e  
wave, v e lo c i ty  approaches th e  stream  v e lo c i ty .  Only when c o l l i s io n s  
a re  r a r e  compared w ith  th e  o s c i l l a t i o n  frequency can th e  wave p ro ­
p ag ate  s u b s ta n t ia l ly  f a s t e r  th an  the  s tream .
Looking ag a in  a t  F ig  28, th e re  i s  a n o th e r wave ( b ) y p ro p ag a tin g
tow ards th e  anode. A check o f i t s  phase v e lo c i ty  shows i t  to
J.
in c re a se  a sy m p to tic a lly  from U + U (where U * (KT /M ) 2) ,  to  aO S  S 0 6
v a lu e  as /K and then  back to  th e  f a s t  therm al wave. This mode i s  e e
c a l le d  th e  e lec tro m ag n e tic  plasm a wave o r su rfa ce  space charge wave.
In  a n o n -d r i f t in g  co ld  plasm a system,, i t s  d is p e rs io n  c h a r a c te r i s t i c  
i s  d e sc rib e d  by th e  e q u a tio n ;
-  102 -
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F ig . 28; T h e o re tic a l Anode D irec ted  D isp e rs io n
ftS o lu tio n s  on Log~Log Axes; U ~ 0 .6  x 10 
c m s ./ s e c . ,  U /V -  0 .6 9 .o t j
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F ig . 29: T h e o re tic a l Cathode D irec ted  D isp e rs io n
S o lu tio n s ; Uq -  0 .6  x 108 c m s ./s e c . ,
U /V * 0 .6 9 . o tx
where K i s  th e  r a d ia l  wave-number,, as p re v io u s ly  d e f in e d .
T y p ic a lly , fo r  w > w9 w /c can be n e g le c te d 9 and th e  wave 
0
p ro p ag a tes  a t  a phase v e lo c i ty  o f w /K . For h ig h e r v a lu es  
approaching  th e  e le c tro n  plasm a freq u en cy 9 the  phase v e lo c i ty  
re d u c e s 5 u n t i l  e v e n tu a lly  th e  d is p e r s io n  curve l i e s  asym pto tic  
to  th e  plasm a frequency .
In  th e  case  o f a d r i f t i n g  p lasm a, th e  d is p e r s io n  curve 
i s  s im i la r * bu t by app ly ing  a n o n - r e l a t i v i s t i c  e q u iv a le n t 
o f  L orentz  tra n s fo rm a tio n , = w± BIT , th e  axes a re  in  e f f e c tO'
ro ta te d  about th e  o r ig in .  Thus in s te a d  o f the  phase v e lo c i ty  
ten d in g  to  zero  as th e  plasm a frequency  i s  approached, th e  anode 
d ir e c te d  wave p ro p ag a tes  a t  th e  stream  v e lo c i ty .
The low v e lo c i ty  cathode d ire c te d  s o lu tio n s  (c) and c / )  in  
F ig  29 j. a re  th e  f a s t  and slow ion  therm al waves r e s p e c t iv e ly .
The S I  modes have been la b e l le d  (d) and (d /)  to  com plete 
the  i d e n t i f i c a t i o n .  I t  can be seen th a t  when th e  anode d ire c te d  
wave (d) i s  a t  a  frequency  c lo se  to  th e  transfo rm ed  ion  plasm a 
frequency,, i t  becomes in c re a s in g ly  lo s s y .  The in f lu e n c e  o f  the  
ions i s  reduced  a t  h ig h e r f r e q u e n c ie s 9 and th e  mode p ro p ag a tes  
a t  th e  con ju g ate  fo r  th e  cathode d ire c te d  e le c tro n  plasm a wave.
We s h a l l  now c o n sid e r th e  e f f e c t s  upon th e  d is p e rs io n  
s o lu t io n s  o f s e t t in g  th e  e le c tro n  d r i f t  v e lo c i ty  l a r g e r  than  
the  e le c t ro n  therm al v e lo c i ty .  There a re  th re e  s ig n i f ic a n t  changes
-  iu5 -
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T h e o re tic a l Anode D irec ted  D isp ers io n
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F ig . 30
S o lu tio n s ; Uq = 1 .0  x 10® c m s ./ s e c . ,  
U A/ * 1 .1 5 ,
o C1 ,
F ig . 31: T h e o re tic a l Cathode D ire c ted  D isp e rs io n
S o lu tio n s ; -  1 .0  x 108 c m s ./s e c . ,
/i )  The slow e le c tro n  therm al wave (a  ) 9 p ro p ag a tes  in  
th e  e le c tro n  stream  d ir e c t io n  when th e  d r i f t  v e lo c i ty  i s  
g re a te r  than  th e  therm al v e lo c i ty  and thus the. cathode d ire c te d  
space charge wave (b^)* i s  no lo n g er convected along by i t .
The phase v e lo c i ty  o f t h i s  space charge wave can then  drop 
as low as th e  ion  beam v e lo c i ty .
i i )  When th e  an g u la r frequency o f e x c i ta t io n  o f th e  
space charge wave (b ^ )? i s  o f th e  o rd e r o f  th e  ion  c o l l i s io n  
frequency th e  c o l l i s io n s  tend  to  reduce the  wave v e lo c i ty  
towards th a t  o f th e  io n  stream  . For a g iven  freq u en cy s th e  
wave number i s  increased, by c o l l is io n s .,  g iv in g  r i s e  to  th e  
p o s s i b i l i t y  o f a backw ard7 wave. As th e  wave v e lo c i ty  approaches 
th e  stream  v e lo c i ty ,  th e  e f f e c t  o f th e  c o l l i s io n s  i s  reduced , 
and th e  ?fo rw ard ' wave p ro p ag a tes  on th e  io n  beam w ith  zero  
growth f a c to r .
i i i )  The re f le x e d  E I  mode (d) which had p re v io u s ly  
coupled as th e  con jugate  o f th e  cathode d ire c te d  space charge 
wave now couples w ith  th e  f a s t  ion  therm al wave, ( c ^ ) .
The cathode d ire c te d  E-’I  mode (d^) i s  th e  co n jugate  
o f th e  re f le x e d  mode (d) as th e  p a i r  a sy m p to tic a lly  pass 
through the  c o l l i s io n le s s  s o lu t io n .  As <*> in c re a s e s  tow ards 
th e  transfo rm ed  e le c tro n  plasm a frequency th e  growing wave 
s o lu t io n  (d^) decouples* re v e rse s  i t s  .slope* and becomes th e  
co n ju g ate  s o lu t io n  o f th e  cathode space charge wave* ( b ^ ) .
-  108 -
The co n jugate  s o lu t io n  o f the  cathode space charge wave.,
( f / )  has a p o s i t iv e  im aginary wave number. When ?j < U s theO t
re f le x e d  E~I mode (d) a lso  has a .p o s it iv e  growth f a c to r  and
the  modes co u p le . For U > U. , however, the  E -I modes ** o t
growth f a c to r s  re v e rse  t h e i r  s ig n s  and i t  i s  co rresp o n d in g ly  
n ecessa ry  f o r  th e  modes to  exchange t h e i r  asym pto tic  l im i t s .
This in te rp la y  between th e  two E -I modes as they  exchange
th e i r  h igh  frequency p a r tn e r s  as seen in  th e  low frequency ? low
wave number q u ad ran t, i s  q u ite  f a s c in a t in g .  In  F ig  32, th e se  
modes a re  shown fo r  fo u r v a lu es  o f e le c tro n  d r i f t  v e lo c i ty .
I t  has n o t been p o s s ib le  to  g ive a sim ple p h y s ic a l account 
fo r  th e  p e n e tr a t io n  o f th e  E -I  mode* (d) th rough  th e  w axis*  bu t 
i t  has been found by a n a ly s i s . th a t  as th e  io n  c o l l i s io n  r a t e  
i s  ra is e d , so the  p e n e tr a t io n  and th e  growth f a c to r  bo th  
in c re a se  co n v e rse ly , a r t i f i c i a l l y  in c re a s in g  th e  e le c tro n ; 
c o l l i s io n  frequency was found to  d ecrease  th i s  e f f e c t .  I t  
does appear th a t  c o l l i s io n s  a re  causing  th e  E -I modes to  couple 
very  t i g h t l y  over th i s  l im ite d  range o f e le c tro n  d r i f t  
v e lo c i ty .  I t  i s  no doubt s ig n i f ic a n t  t h a t  when th e  modes marge 
alm ost to  one s o lu t io n a th e  (d) l in e  c ro s se s  th e  ar-axis through
<±2 an(* a t  a  s lo p e  equal to  V th e  ion  d r i f t  v e lo c i ty .
We now beg in  to  see th e  s i tu a t io n  in  which th e  e x c i ta t io n  
o f  a backward wave p ro p ag a tin g  tow ards th e  anode w ith  a growth 
f a c to r  la rg e  enough to  make d e te c tio n  p o s s ib le , becomes f e a s ib le .
-  109 -
~  110 —
In  F ig s  33s 34 and 35, th e  e le c tro n  d r i f t  v e lo c i ty  i s
8in c re a se d  to  1.0,, 1 .5  and 2 .0  x 10 cm s/sec . so th a t  i t  may 
be seen how s e n s i t iv e  th e  d is p e r s io n  curves a re  to  v a r ia t io n s  
o f  d r i f t  v e lo c i ty .  This f a c to r  i s  im p o r ta n ts in  p r a c t i c e , as 
i t  de term ines to  a la rg e  e x te n t w hether e x c i t a t io n  a t  a 
s p e c if ic  frequency x-n.ll g ive r i s e  to  a wave which can be d e te c te d  
over d is ta n c e s  o f many w aveleng ths, o r w hether the  s ig n a l  q u ick ly  
becotaes in c o h e ren t due to  th e  m ixing o f th e  d i f f e r e n t  v e lo c i ty  
w aves.
I t  has been shown by Morse e t ,  a l  ( r e f  31) t h a t  th e  
a x ia l ly  d ire c te d  v e lo c i ty  d is t r ib u t io n *  f ( u ) y o f  th e  e le c tro n
4
stream  f a l l s  away from th e  mean va lu e  as q u ick ly  as exp — (thpU) * 
so th a t  th e  m a jo r ity  o f c a r r i e r s  w i l l  have v e lo c i t i e s  w ith in  a 
f e u  p e r c en t o f the  mean.
In  F ig  36* th e  p o s s ib le  d is p e r s io n  i s  shown fo r  d r i f t  
v e lo c i t i e s  between 21% and 32% above th e  e le c tro n  therm al 
v e lo c i ty .  I t  can be seen th a t  th e  s o lu t io n s  c ro ss  w ith in  a 
f a i r l y  sm all ( 4%) spread  o f wave-num bers. I t  could  be expected  
th e re fo re *  th a t  e x c i ta t io n  a t  th e  a p p ro p r ia te  frequency  would 
be p ropagated  w ith  to le r a b le  phase d i s to r t i o n  fo r  up to  say 
10 w aveleng ths.
R eference back to  F ig s  33 and 34 w i l l  confirm  th a t  a lthough  
th e  o th e r  E -I  mode* (d ^ )9 does e x h ib i t  a h ig h  grox-Jth number3 th e  
r a t e  o f change o f phase v e lo c i ty  w ith  e le c tro n  d r i f t  v e lo c i ty  
i s  so h igh  as to  p rec lu d e  th e  p o s s i b i l i t y  o f d e te c tin g  th e  x?ave 
in  a plasm a system  such as th e  one in v e s t ig a te d .
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As th e  e le c tro n  d r i f t  v e lo c i ty  i s  in c re a se d  f u r t h e r , th e  
cathode d ire c te d  space charge wave (b^) p ro p ag a tes  w ith  lower 
v e lo c i ty  w h ils t th e  E -I  mode becomes so f a s t  th a t  i t  ceases to  
e n te r  in to  th e  p i c t u r e . The s i tu a t io n  co n tin u es  u n t i l  e v e n tu a lly  
when > we /&c th e re  a re  two com plim entary s o lu t io n s 9 bo th  
lo s s y 9 p ro p ag a tin g  tow ards th e  anode and th e  ca th o d e . In  F ig  37
q
th e  e le c tro n  d r i f t  v e lo c i ty  i s  5 .0  x 10° cm s/sec w h ils t  ue /&
p
corresponds to  4 .8  x 10" cm s/sec.
- 117 -
Con c lu s io ns
In  th i s  th e s i s ,  th e  g e o m e tric a lly  s im p le s t model has 
been co n sid ered  so th a t  th e  c a lc u la t io n s  o f th e  e . a .  s o lu tio n s  
would avoid  th e  d i f f i c u l t i e s  and com puta tional tim e in h e re n t in  
th e  s o lu t io n  o f complex c y l in d r ic a l  fu n c tio n s  in  tra n sc e n d e n ta l 
e q u a tio n s . The plasm a has then  been d e sc rib e d  by as many 
p h y s ic a l ly  r e a l i s t i c  param eters  a s -p o ss ib le *  and s o lu t io n s  have 
been sought to  th e  wave e q u a tio n s . The v a rio u s  modes o b ta in ed  
could  be r e a d i ly  i d e n t i f i e d  when compared w ith  th o se  found by 
e a r l i e r  w orkers .
By exam ining th e  d is p e r s io n  diagram s over a very  wide 
range o f c o n d i t io n s s i t  has been p o s s ib le  to  show th a t  a 
growing backward wave can be p re d ic te d  to  p ro pagate  in  th e  
e le c t ro n  stream  d ir e c t io n  a t  f req u e n c ie s  and w avelengths compar­
ab le  to  th o se  observed  in  la b o ra to ry  ex p erim en ts .
I t  was found to  be e s s e n t i a l  to  in c lu d e  e le c tro n  and ion  
c o l l i s i o n s 3 in  th e  eq u a tio n s  o f motion* to  o b ta in  th i s  backward 
so lu tio n *  and furtherm ore*  th e  e le c tro n  d r i f t  v e lo c i ty  had to  
be h ig h e r than  th e  mean therm al v e lo c i ty .
Experim ents on the  plasm a column confirm ed th a t  th e  
d r i f t  v e lo c i ty  in  a long narrow  column was capab le  o f r i s in g  
w e ll above th e  therm al v e lo c i ty  a t  h igh  E/p v a lu es  and fu rtherm ore
- 1 1 8  -
i t  was found e x p e rim en ta lly  th a t  th e re  was a c r i t i c a l  p re s su re  
above which th e  wave could n o t be d e te c te d . There was no 
minimum p re s su re  fo r  p ropagation*  as th e  d e te c t io n  was p o s s ib le  
down to  p re s su re s  a t  which th e  d isch a rg e  was in cap ab le  o f  
be ing  s u s ta in e d .
In  i n i t i a l  experim ents v a rio u s  i n e r t  gases (Xenan, Argon*
Krypton and N itrogen ) were used* b u t i t  was on ly  in  the  case  o f
Neon th a t  co h eren t waves were d e te c te d . I t  i s  s ig n i f i c a n t  th a t
i t  i s  in  Neon th a t  th e  in c re a se  o f the  d r i f t  v e lo c i ty  above
1
th e  c l a s s i c a l  v a lu e , p ro p o r tio n a l to  (X/P) , i s  most marked.
The observed phenomenon o f  p ro p ag a tio n  be ing  alm ost 
n o is e le s s  and d i s to r t i o n  f r e e  a t  a sp o t freq u en cy , and d e te r io r a ­
t in g  on e i t h e r  s id e  o f th a t  p o in t was a c re d ite d  to  th e  sp read  
o f  d r i f t  v e lo c i t i e s  causing  phase m ixing which became t o t a l  a t  
th e  h ig h  and low frequency  l im i t s .  The a t te n u a t io n  o f th e  wave 
a t  lox-7 f re q u e n c ie s  i s  in  accordance w ith  th e  th e o ry , w h i ls t  a t  
h ig h  fre q u e n c ie s  th e  s ig n a l  rem ained a t  c o n s ta n t am plitude  along 
th e  le n g th  o f  th e  d isch a rg e  column. The r e l a t i v e  am plitude o f 
th e  s ig n a l  a t  h ig h  freq u e n c ie s  was low er, however, as the  plasm a 
impedance seen  by th e  m odulating  system  in c re a s e d , and i t s  
e f f ic ie n c y  dropped.
B earing in  mind th e  c o n s id e ra b le  d e f ic ie n c ie s  in  th e  model 
u sed , i . e .  a l i n e a r  th e o ry , th e  assum ption o f  q u a s i­
n e u t r a l i t y ,  th e  boundary c o n d it io n s , n o n - r e l a t i v i s t i c  e q u a tio n s , 
use o f  a  s c a la r  p re s su re  te rm ,th e  assum ption o f  an o v e ra l l
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M axwellian d i s t r ib u t io n  o f v e lo c i ty  and th e  am bigu ity  in  the  
r a t i o  o f the  s p e c i f ic  h e a ts  y 9 th e  c o n s ta n t c o l l i s io n  c ro s s -  
s e c t io n s ,  th e  r a d ia l  u n ifo rm ity  o f  plasm a d e n s ity  and th e  d i s ­
c r e te  s tream  v e l o c i t i e s ,  i t  i s  f e l t  th a t  th e  f i n a l  s o lu tio n s  
e x h ib ite  an a cc e p tab ly  good approx im ation  to  t h e O d i a g r a m s  
o b ta in ed  from th e  la b o ra to ry  ex p erim en ts .
I t  has a lso  been found p o s s ib le  to  show th a t  f o r  low 
d r i f t  v e l o c i t i e s ,  s o lu tio n s  o f th e  io n -a c o u s tic  mode a re  p re ­
d ic te d  w ith  th e  h ig h ly  a n is o t ro p ic  a t te n u a t io n  r a t e s  ex p erienced  
by s e v e ra l  w orkers w ith o u t th e  n e c e s s i ty  o f eq u a tio n s  in v o lv in g  
d i s t r i b u t io n  fu n c tio n s  and th e  Landau damping term s b rough t 
about by con tou r in te g r a t io n .
W hils t i t  would seem to  be u n lik e ly  th a t  p ro p ag a tio n  
and p o s s ib le  a m p lif ic a tio n  on a backward plasm a wave could  be 
p u t to  use a t  th e se  low fre q u e n c ie s , i t  i s  ap p aren t th a t  th i s  
work may g ive  some in s ig h t  in to  th e  avoidance o f  low frequency 
i n s t a b i l i t i e s  in  plasm a d ev ices  in  which the  c r i t e r i a  o f  h igh  
c o l l i s io n  r a t e s  and h igh  d r i f t  v e lo c i t i e s  a re  l i k e ly  to  be s a t i s f i e d .
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APPENDIX I
D eriv a tio n  o f the  eq u a tio n  of  m otion a s expounded 
by Solymqr (unpublished  l e t t e r  to  Ash)
D efin ing  th e  d i s t r ib u t io n  fu n c tio n  as
i
<$? = f  (u^Zyt )  du dz 
where dN i s  th e  number o f charges to  be found in  th e  v e lo c i ty  
in te r v a l  du and space in te r v a l  dz . The Boltzmann e q u a tio n  -  
e f f e c tu a l ly  an eq u a tio n  o f c o n v e rsa tio n * becomes
d f  « a f + af_ au + a f  _az
d t  a t  au a t  az a t
th e  eq u a tio n  o f  m otion o f a s in g le  c a r r i e r  i s  
,2du = d_ z 
d t  c ! t 2
n E
(where n i s  th e  charge to  mass r a t i o :  e/m^)
Hence, under e q u ilib r iu m  c o n d it io n s 9 A I.2  becomes
af. + u a f  
a t  az
n e a f  
au
o
averag in g  over th e  e n t i r e  v e lo c i ty  range
I
a t
f  du + a 
3z
u f  du -  n E a f  du «
3u
th e  l a s t  term  v a n ish e s 9 as th e  d i s t r i b u t io n  fu n c tio n  must be 
zero  fo r  la rg e  v a lu es  o f IT. The f i r s t  in te g r a l  i s  th e  t o t a l  
number o f e le c tro n s  a t  th e  lo c a t io n  z and can be in d e n t i f ie d  
w ith  th e  space-ch arg e  d e n s ity  P .
( A I . l )
A I . 2 )
(A I.3 )
(A I.4 )
( A I . 5 )
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H oting th a t  th e  average v e lo c i ty  U o f  th e  d i s t r ib u t io n
IS co
U * j u f d u /  fdu (A I.6)
—00
then  (A I.5) becomes
3p_ + 3 (U p )  * 0 (A I.7)
at a~z
which i s  th e  eq u a tio n  o f c o n tin u ity  in  term s o f th e  averaged 
v e lo c i ty .
Nov* ta k in g  th e  f i r s t  moment o f (A I.4) in  v e lo c i ty  space*
oo oo oo
i
a^  j uf du + £  I u2f du ~ ne I u af du = o ( a i .8 )
at - az" J J au
— 0 0  — 0 0  — 0 0
g iv in g
I' 2a _ (pu) ~ nE p + a_ j u f  du = o ( a i ,9 )
at az
— 0 0
w ith o u t some knowledge o f f ( u ) s we can go no f u r th e r .  However, 
assuming a M axwellian d i s t r ib u t io n  o f v e l o c i t i e s 3 eq u a tio n  (A I.9) 
becomes s
(A I.10)3 (pU) • qE P + a_ (pu + pKT) * 0
a t az m
p au + u 3p + _a__ (pU.U) + KT 3p
a t at az M az
pau + u 3p - u a£ + pu au + KT
a t a t a t az" M
au + u au + KT 3p ~ pE * 0
at 3z Mp az
( A I . l l )
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In tro d u c in g  c o l l i s io n s  in  a phenom enological manner y ie ld s  
us Ohm?s law
au + u au + u + kt _a_p -  pe = o (a i .12)
a t az t Mp ~a"z
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APPENDIX __II 
M atrix  o f eq u a tio n s  (2 .3 )  -  (2. 7)
U,
j(u>+ U k - j q ^
0
jp 0k
0
u, El
2 /
e l /Ml  PkVt i . / po ; °
j  (a)’-Vok“j q 2) 4S2 /M2 , i jkV„ IdI J to  o
j  (w+U k)
j ( r V k )
■47Te^ /M^  | 4ne2 /M2
(411 .1)
C ondition  fo r  a non t r i v i a l  s o lu t io n  to  A I I . l  is?
~ 124 -
jCw+TJ^k j q x) PQ3k v^V Qk~ jq2) dQjk  X
! I
M2 j  ( i - F k  j q 2 )
Mjj (u+Uok - jq 1)
oj+kUo
p k c
KV_ *i  _ _  
^ ( ( o + ^ k - f q p
do r“"Vok' '” 2y
0
i i
5= 0
, !
; i
0
0
j f c •47re.
“ m7
! w-kV c
| T k■ o
4-rre,
i i
( A l l .2)
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(co+TT k  j q . ) ( c o - V  k  -  j q „ )  p d k  X o JM1 o Jn2 o o
I I jl^(aj+Uok-:j q 15'
co + kU c
p ko
-*vt l
p (co+U k  j  q - iT Ko o Jn l
I
If-
0
r  I
i i
( A l l . 3 )
» I
! i
jj_
i j 11
jM2 (a)- Vo k  j q 2 ) j
j k
0
4776. 
“ H '
03 kV 
__ c
■ d k~ o
-kVt2
I do<“ V  j q 2)
4176,
i
i !
i f
= 0
e^7r4
J
j (arkV ) kV
i f -  ( u + U k - j a - )  d k1 o J o
*-2 _
d Ta3' :V^k':j  q07
+ lo) + kU kV.U
P k  P (o)+U k  o o
kV c2j k  | (cu-k? )  -    _
T k ~  do (w-Vok - jq 2 )
O
{ = 0  
M2 (o> -Vo k  j q 2 ) |
0)e
T T T
co-
(co+U^k) — Vt l  k  " i q ^  ' j q - j ^ k ( w - v ^ ) 2 Vt2Tk2- j q 2»+ jq2Vok
= 1
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APPENDIX I I I
The v a r i a t io n  of  p o s i t iv e  ion  c u rre n t to  
th e  p ro b es w ith  d i f f e re n t i a l  probe p o te n t ia l
We a re  in te r e s te d  in  de term in ing  how i  ( th e  p o s i t iv e  ion  
c u r re n t  to  probe (2) ) v a r ie s  w ith  in  th e  re g io n  to  th e  r ig h t  
o f *bv in  th e  f ig u re  below
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The p o s i t iv e  ion  c u rre n t i s  g iven  by th e  space charge 
l im ite d  eq u a tio n  and can be shown to  vary  l in e a r ly  w ith  
to  th e  r i g h t  o f ?b' « However, th e  changes in  a re  
n o t equal to  th o se  o f and hence th e  in te r c e p t  i s  a t  
some p o in t ?e ^ ? r a th e r  than  th e  s t r a i g h t ' l i n e  in te r c e p t  
fe ' .
We need to  determ ine th e  va lu e  o f L  a t  c ^ .
2
From th e  Boltzmann r e la t io n s h ip .
£ ip  » exp -0  (V2 + V£) + A2J 02 exp -  0
so th a t
V -  - 1  to g     _
<5 (ct exp (-^Vd) + 1)A2Jo 2
(where th e  n o ta t io n  o f C hapter 3 has been used)
L et tak e  a va lu e  V J ' ■> as in d ic a te d  on th e  diagram  
a t  a  p o in t where d e v ia t io n  has j u s t  begun, and l e t  V ^^b e  th e  
co rrespond ing  p o in t on th e  o p p o s ite  s id e  o f th e  c u r re n t  a x is  
We need to  determ ine AVg “ V ^ i n  term s o f AV^ ,.
AV« » 1 Log
2 0 e
~ 0 v "  ae d + 1
ae -« > v  + 1
C brresponding to  th e  va lue  V, , l e t
l i p  « | l p
oJ °2A J 0„ ^ 2
and s im ila r ly  a t  V ^ * s ip  -  q
( A I I I . l )
(A II I .2 )
(A II I .3 )
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Then (A II I .2 )  can be w r it te n
AV2 = - ( 1 / 0 )  Lcge (G/F)
a lso
AVd = Vd7 / -  Vd “ a m  Loge |  <G
T h u s , AV0 / r f / n \
2 “ Lo8e (F/w  
AVd lo i^O F -T JT T cF i)
I t  has been found th a t  d e v ia t io n  from th e  s t r a ig h t  l i n e  i s  
d e te c ta b le  fo r  v a lu es  o f F between 50 and 100. Thus i f  
G = 2
AV2 0 .8
iV , ^
Thus, in  p r a c t ic e ,  to  determ ine i  co rresp o n d in g  to  * 0 , 
one ex tends th e  l in e  0 .8  o f th e  way to  ?e ? and then  p a r a l l e l  
to  the  v o lta g e  a x is .  For an unsymmetric cu rv e , th e  a p p ro p r ia te  
va lue  o f G must be u sed . Graphs p lo t te d  by Johnson and 
H a lte r  show th a t  a sm all e r r o r  in  choosing  p o in t ?h* i s  n o t 
s i g n i f i c a n t ,  as th e  c o r re c t io n  f a c to r  tends to  com pensate.
( A l l I .4) 
(A II I .5 )
(A II I .6 )
(A III .7 )
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APPENDIX IV
To determ in e  _the e l e c t r o s t a t i c  reso n ance con d i t i on 
fo r  a plasm a f i l l e d  g la s s  tube in  f re e  space
L et th e  p o te n t ia l  v a r ia t io n  in  th e  th re e  media be?
V * E r  CosQ + D C os0/r r  o
V = B r  Cos0 + E C os0/r
V -  A r  Cos0 
P
P o te n t ia l  in  Space 
P o te n t ia l  in  G lass 
P o te n t ia l  in  Plasma
The boundary c o n d itio n s  o f c o n tin u ity  o f r a d ia l  d isp lacem en t 
and az im u thal e l e c t r i c  f i e l d  r e q u ire  t h a t ;
£o(9V ar) p / s  £g(aV 9r) R;
V 3Vg/3r)R -  e OV /3 r)_  p p R
1 / r  (3Vr /3 0 )R/  = 1 / r  (3V /3 0 )R/
1 / r  OV /3 0 ) r = 1 / r  OV /3 0 ) r
th e se  e q u a tio n s  y ie ld ?
e E -  e D /p /2 -  e B + e E/R^ 2o O O 2 g
e B -  e E/R -  e A
g g P
E + D/R^ -  BR  ^ ~ E/R^
BR + E/R ~ AR
= 0 
■ 0
= 0 
= 0
(A IV .l)
(AIV.2)
(AIV.3)
(AIV.4)
(AIV.5)
(AIV.6)
(AIV.7)
(AIV.8)
(AIV.9)
(AIV.10)
(A IV .ll)
(11) g iv e s i  B = A-E/R'
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S u b stitu tin g  in  (10) :
E + D/Rf  + E (p //R 2 -  1/R^) ~AR  ^ * 0o
Adding (8)^, (9)
e  E -  e  D/R/2 + E(e R/2 -  e /R2) ~ e  A _ .  . . .o o o  g g p = 0 (AIV.13)
e lim in a tin g  E
E = “(e R^ + D/R^ -  AR^) * e A ~ e E + e D/R/2
 O _______     _P _______ o __o______ o  __
(R^/R2 -  1/R^) (e / p/ 2 - e /R2) (AIV.14)
g g
/2
E * e D/R' -  e E + e A
o   £  °  _  8  _
(e /R2 + e /R /2 )
o o
Hence.
o r
ana
E0D /r /  ~ e0E0 * egA = A -  D/R/2 -  Eo
eg (r72 + r 2 >
D /R '“ I e + e (R + R )  j = e (R; + R  )  (A-E ) +e E -e A
<\ °  g ~ /2  1 2 7  Er S7 T /2 “p 2 7  °  °  °  8
U * Vl (R R ) (AIV. 15)
D/R^2 (e e ) ■ e E e A ■ e A + e E (AIV.16)o g o o  p g g o
e lim in a tin g  R ;
(e + X) (e E -  e A-e A + e E ) « X(A-E) +£ E e A (AIV.17)o  ... o p g g o 7 o g
(e -  e vo g)
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where X + R ^ )/(p /^  -  R^) e • W riting  R/R^as a,
§
e + e as e +  and e ~  e as £ we ob ta in ?
0 3  0 g
. j  (e + X) ( e +e ) -  Xe" + e eI  * ( e -  X) £ + e+ (e +X)■ < o p g g \ o o
o \. J (AIV. 18)
o r
_A = (eQ X)e“ + e+ ( eq + X)
~o (e + X) (e + e ) ~Xe~ + e e“* 
o P 8 8
Hence
A 4 Eoeg (AIV.19)
_  o 9
E £ (e+ + a e ) + e (e+ ~ a e~)
o p  g
From (16)
D (e e ) « e -"e A _  e A + e
E E  0 8 0 ? E 8 f  f
o
= £+ ~ A (e + e )
D = R^2 f A (e + e ) -  e+ 11 ~   V
Jo t 'uo e e j
* R ^ / e  ( e + a^e+) + e (e~ — oTe+) 1
■4  \  (AIV ,20)
|  £p(e +a ^ £  ) + £g(e ~"C?e )
E Po
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APPENDIX^ V
We have found in  C hapter 3, th a t  th e  r e f l e c t io n  c o e f f ic ie n t
fo r  a plasm a f i l l e d  g la s s  tube mounted a c ro ss  a waveguide*
p a r a l l e l  to  th e  b road face  i s  given by;:
P * f  -1  + j  a X 2 X 1 ” 1 (AV.l)
p /2 2tt 2 X 1L g-*
where a i s  the  h e ig h t o f th e  guide* i s  th e  o u te r  ra d iu s  
o f th e  g la s s  tube ...and X i s  g iven  by
X = e (e+ + a 2£ ) + e (e+ a 2e )
P _   „  g
e
P
j~e ( 1  +  a 2 L o g a )  + a 4*e+  *| +  e j £ “* ( l  - a  L o g a ) ” a 2 e ^ j
o r B ryant^s r e s u l t
(AV.2)
£ (£ + a e ) + e (e —-a £ )
P 3. — r — v  ~r~: r—  2 ^
en (£ a e ) eg{£ — a £ ) AV.3)
In  th e  fo llo w in g  g ra p h s . th e  r e f l e c t i o n  c o e f f ic ie n t  p has 
been p lo t te d  fo r  th e se  eq u a tio n s  w ith  th e  s u b s t i tu t io n s  ;
£ -  1 -  u  2 / a  ( a i - j v ) ,  aXQ2 / R / 2  2 „ 2 x -  1
and fo r  v a lu es  v/w “ 0 . 0 1 / 0 . 5 e = 4,  e = 1P g o
The resonance i s  seen to  s h i f t  from oj //2~ to  a lower
P
frequency as th e  g la s s  in c rease s*  so th a t  in  p r a c t ic e  th e  
p re sen ce  o f th e  tube means th a t  a h ih g e r c u r re n t  i s  needed 
to  m a in ta in  re so n an ce .
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When 03 ->• 0., the  plasm a p e r m i t t iv i ty  i s  the  dom inant 
term , g iv in g
■. i . f + 2 — "i
1 "'1 + 3 j  g__v.
so th a t  as a 1 |p | ■> 1 //2  * 0,7071
a -> 0 | o | -v /9 /3 4  » 0 ,5145
M ien oj -*■ » th e  e f f e c t  o f th e  plasm a becomes n e g lig ib le .,
£p eQ and th e  g la s s  p e r m i t t iv i ty  i s  th e  dominant term* g iv in g
1 -  —1 + j  i£ +a e
p - — T V
!e +a e
C ’vGO ___ %  )a e / ^(e"-oV) !
so th a t  a s a - > l ?  | p | 0
a + o IPI + ^9/34 « 0,5145
The p lo t te d  r e s u l t s  a re  in  c o n tr a s t  w ith  Brya' ,5s
ex p re ss io n  fo r  th e  peak r e f l e c t i o n  c o e f f ic ie n t  g iven  by:
~ ~ 1
1 + a
ttR
K v
/; 2 2 " *K a m ~ o
where as a  •> 0 S |p |  0 ;; u n a ffe c te d  by th e  g la s s  w a ll
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